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ABSTRACT
This thesis is principally concerned with the shape formation of different forms of space
trusses with non-zero Gaussian curvature by means of a post-tensioning technique. The
space truss that is shaped and erected by a post-tensioning procedure, rather than by
traditional techniques involving cranes and scaffolding, is called a post-tensioned and
shaped space truss.

The construction procedure for a post-tensioned and shaped space truss initially invol
the assembly of a planar truss with a single-layer of chords, together with out-of-plane
w e b members, at ground level. In proportion to the desired space shape, certain bottom
chords are given gaps. The bottom chords comprise shorter tubes and strands that pass
through the tubes and through the bottom joints. The initially too-short chords are used
to create pre-defined gaps, while the tensioning strands are used to close the gaps. B y
means of post-tensioning, a planar layout can be deformed and erected to its desired
space shape at the same time.

In this thesis, the principles of the post-tensioned and shaped space trusses, together
with the essential aspects that lead to shape formation and self-erection, are investigated
theoretically and are verified by experimental models. In addition to theoretical work,
seven d o m e s and one hypar have been constructed by means of a post-tensioning
method under laboratory conditions. Also, a pyramidal unit of a full-size practical space
truss has been tested. After the shape formation tests, three post-tensioned and shaped
d o m e s and one hypar space truss have been loaded to failure in order to observe the
ultimate load carrying capacity.
The post-tensioned and shaped space trusses have satisfactory ultimate load capacity.
The post-tensioning process m a y increase or reduce the ultimate load capacity of posttensioned and shaped space trusses, due to the resulted prestress forces in s o m e critical
members. Compared with the simplicity in construction and erection procedure, the
post-tensioned and shaped space trusses still have evident advantages in economy, even
if the ultimate load capacity is reduced. Furthermore, the ultimate load capacity of a posttensioned and shaped space truss can be improved by stiffening only a few critical
m e m b e r s according to the test results.
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CHAPTER 1
INTRODUCTION
1.1 INTRODUCTION

Space trusses are a type of most commonly used space structure in the world. They ar
used to cover large clear spans where there is a need to avoid columns. Because the
triangulated arrangement of their discrete members, the forces induced in space trusses
under loads are principally axial. This axial action leads to a more efficient use of the
materials, and results in reliable lightweight structures.

Despite their wide-spread applications, space trusses are not always economical as a
roof. Because they are usually assembled in their final shape in situ, the construction
process m a y be complicated and expensive. Additionally, although space trusses m a y
use less material than equivalent structural solid systems to cover the same span, they
need more careful detail designing and field erection because of their numerous joints,
which are sensitive to stresses and deformation (Zetlin et al. 1975).
The post-tensioned and shaped space trusses studied herein are a kind of innovative
space structure. Initially assembled on the ground as a planar layout, they can be
deformed into a curved space shape and erected into a space position by a posttensioning procedure. The basic structural module of the post-tensioned and shaped
space trusses is the so-called Single-Chorded Space Truss (SCST), a truss with a singlelayer of chords, together with out-of-plane w e b members. In the initial planar
configuration, the S C S T provides mechanisms or near-mechanisms (flexure of top
chords only) that can be readily shaped with relatively small post-tensioning forces. B y
means of post-tensioning, the S C S T can be formed to its desired shape and erected into
a space enclosing position. After a self-locking process for certain members, the S C S T
becomes a stable structure and can carry significant loads (Schmidt 1989). The principal
advantage of post-tensioned and shaped space trusses over conventional structures is
that they eliminate or njinimize the need for scaffolding and heavy cranes, as the shape
formation procedure is integral to the erection process.
1
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Despite their large deformations during the shape formation stage, the post-tensioned
and shaped space trusses have a satisfactory load carrying capacity. Even w h e n pinconnected, a post-tensioned and shaped space truss is intermediate in out-of-plane
flexural stiffness between single-layer and double-layer plane space systems because it
depends for its structural behaviour on the axial stiffness of its m e m b e r s and not on their
flexural stiffness (Schmidt 1989), although overall buckling m a y be a consideration in
certain circumstance, as with any structural system.

This thesis is principally concerned the shape formation of different forms of space
trusses with non-zero Gaussian curvatures, such as spherical-like domes and hypars by
means of a post-tensioning technique. In addition to theoretical work, seven domes and
one hypar have been constructed and tested under laboratory conditions. Also, the
formed experimental models are loaded to failure to observe their ultimate load structural
behaviours. T h e details of the theoretical and experimental investigations are presented
as follows.

1.2 OBJECTIVES OF THESIS
The principal objective of this thesis is to study the possibility of constructing a
space truss from a planar layout by means of a post-tensioning method. The principles
of the post-tensioned and shaped space trusses, together with the essential aspects that
lead to shape formation and self-erection, are investigated theoretically and are verified
by experimental models.

The second objective of this thesis is to investigate the structural behaviour of post
tensioned and shaped space trusses during shape formation process by tests and
analyses. Attention is paid to the curved space shape of a space truss, the posttensioning forces required to form such a shape, and the axial forces induced in the
individual m e m b e r s by the post-tensioning operation. T h e shape formation analyses are
carried out with a commercial finite element program M S C / N A S T R A N (1995); the main
factors that affect the shape formation process are incorporated into the finite element
models.
The third objective of this work is to investigate the ultimate load capacity and the
methods to improve load capacity of the post-tensioned and shaped space trusses. After
shape formation tests, the formed space trusses are loaded to failure to observe their
ultimate load structural behaviour. T h e ultimate load structural behaviours and the
principal factors that affect the structural behaviours of space trusses are investigated by
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the finite element analyses. Also, the measures to improve load capacity of the posttensioned and shaped space trusses are discussed.

The final objective of this thesis is to investigate the possibility of co
space trusses by means of the post-tensioning method. A pyramidal unit of a full-size

practical space truss is tested, and the essential aspects that lead to shape formation and
self-erection of practical post-tensioned and shaped space trusses, particularly the
difference between the practical space trusses and laboratory models, are discussed.

1.3 OUTLINE OF THESIS

Following the introduction, Chapter 2 reviews the key aspects of space tru
particular the construction methods for different space structures and applications of the
post-tensioning technique in metal structures, including post-tensioned and shaped space
truss structures which are erected with innovative, unconventional methods.

Chapter 3 describes the basic concepts on the post-tensioned and shaped sp

The principles of post-tensioned and shaped space trusses, and the essential aspects that
lead to shape formation and self-erection (including the structural system, the space
shape, the shape formation condition, and the post-tensioning method), as well as the
shape formation and ultimate load analysis methods are discussed. The structural
behaviours of the individual truss members, the prestressed member forces, and the
characteristics of the combined tube-cable members are also described, and are
incorporated in the finite element models.

Chapter 4 concerns studies on post-tensioned and shaped hypar space trusse
principal objective of the shape formation study is to investigate how a square planar
layout can be shaped into a hypar space truss by post-tensioning only the shorter bottom

chords on one diagonal of the planar layout. After theoretical analysis, a test hypar spac
truss is formed, and is loaded to failure in order to observe its ultimate load behavior.

Finally, the ultimate load behaviour of the hypar space truss is simulated with the finite
element analyses. The experimental forces in individual members, the prestressed
member forces, and the structural behaviour of the combined tube-cable members are
correlated into the finite element analyses.

Chapter 5 concerns studies on Space-Shape-Based (SSB) post-tensioned and s
domes (i.e., the planar layout of the dome is determined from its finally desired space

shape). The planar and space geometric models that reflect the relationship between the

3
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planar layout and the space shape are first established. Then, five Space-Shape-Based
post-tensioned and shaped domes are formed to investigate the essential aspects that lead
to shape formation and self-erection of post-tensioned and shaped domes. After shape
formation tests, the last experimental model is loaded to failure in order to determine the
ultimate load capacity. Finally, the ultimate load behaviour of the test d o m e is analyzed
by the finite element analyses.

Chapter 6 concerns studies on post-tensioned and shaped hexagonal grid domes, one
type of Regular-Layout-Based ( R L B ) post-tensioned and shaped space truss (i.e., the
space shape is determined from the planar layout). First, a hexagonal grid d o m e is
constructed and is analyzed with the finite element method. Then, the test d o m e is loaded
to failure and is analyzed with the finite element method in order to determine the
ultimate load behaviour. After first loading to failure, the d o m e is re-erected and
modified in situ by straightening and increasing the strength of critical w e b members.
Finally, the ultimate load capacity of the retrofitted d o m e is investigated by test and
analyses.
The principal purpose of Chapter 7 is to investigate the possibility of constructing
practical space trusses by means of the post-tensioning method. First, a pyramidal unit
of a full-size practical space truss is tested and analyzed. Then, the essential aspects that
lead to shape formation and self-erection of practical post-tensioned and shaped space
trusses, particularly the difference between the practical space trusses and laboratory
models, are discussed.

Chapter 8 summarizes the major aspects and principal conclusions of the theoretical and
experimental research carried out in this thesis. Also, it gives suggestions for further
research work.
Appendix A gives the test results of the individual members that are used in the
experimental models in this thesis.

Appendix B gives the test results of the joints that are used in the experimental model
this thesis.

Finally, Appendix C lists the references used in this thesis.
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CHAPTER 2

REVIEW OF SPACE TRUSSES

In the present thesis, the term "space truss" is used to denote the structural syste
which small linear members are arranged in three dimensions, and in which the loads
are also transferred in three dimensions. In the technical literature there are also other
names for the space truss, e.g., reticulated shell, latticed shell or braced shell. In this
thesis w e prefer the term space truss. According to the form of the curved surface, an
individual space truss is also called a "barrel vault", a "dome" or a "hypar" in this thesis.

2.1 SPACE TRUSSES
2.1.1 Historical Survey
The first engineer w h o showed the possibility of applying the space trusses in buildings
was Alexander G r a h a m Bell. The concept of applying industrialized methods to
structares was utilized earlier in the construction of the Crystal Palace in London. In the
19th century m a n y other examples can be mentioned: bridges, towers, large span
buildings, etc. (Gioncu 1995).

Over the last century engineers have been called upon to build larger and larger
structures, all of them with less material and less cost. The best engineers matured under
the discipline of extreme economy. Their ideas and styles developed under competitive
cost control. T h e greatly improved theoretical advances in the knowledge of elastic and
non-elastic behaviour brought significant changes. N e w theoretical methods and the
introduction of improved materials had a far-reaching influence on structural design
(Makowski 1993).

Architectural concepts of aesthetics are changing all the time, leading to the intro
of n e w structural systems. Designers agree that for large span structures conventional
b e a m and truss systems prove to be uneconomical. Engineers always appreciated the
inherentrigidityof three-dimensional structures and their ability to cover large spans
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with m i n i m u m weight. However, the difficulty of the complicated stress analysis of
such systems originally contributed to their limited use. The introduction of electronic
computers and their wide-spread use changed this picture. Architects started to
experiment with n e w shapes (Makowski 1993).

Some fifty years ago reinforced concrete shells entered the market. The visual bea
these shells appealed to architects. The possibility of being molded into any shape gave
to the designers - architects and engineers - n e w freedom in their search for n e w forms.
However, there is no ideal structural material or form; all of them have their advantages
and disadvantages. The construction time in reinforced concrete is lengthy and requires
elaborate scaffolding and framework which are not used in the completed structures.
Further, concrete is heavy and the accuracy with which it can be built is inherently
limited. Soon progressive designers realized these limitations and turned their attention
to three-dimensional skeleton frameworks. The search for lightness, economy and
industrialized methods of construction, prompted the development of metal space truss
systems (Gioncu 1995).

During the past several decades advances in computerisation have resulted in major
changes in space structure design, and in the analysis of their stability and plastic
behaviour. N o w space structures are universally accepted as economical and
aesthetically pleasing. In recent years space trasses have been widely used for covering
large spans without intermediate supports, with a very small weight of structural
material per unit area covered. The development in space structure design, especially
light-weight construction, is accelerating rapidly (Makowski 1993).

The spectacular success of space structures is principally due to two aspects: adv
n e w joint systems aiming at simple and quick erection, and the development of
computer programs making the numerical simulation of the actual structural behaviour
possible (Gioncu 1995).

2.1.2 Characteristic of Space Trusses
The principal characteristic of a space truss system (as compared to a plane frame
system) is the three-dimensional nature both in the assembly and in load carrying
behaviour. This characteristic is illustrated by the examples given by Kawaguchi
(1994).

Figs. 2.1 (a) and (b) show two different ways of forming a dome. The dome shown in
(a) is a planar frame system, i.e., all elements lie in a relative plane: arches, primary and
secondary beams and purlins. Each subassemblage of these elements constitutes a stable
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plane frame. In contrast, the d o m e shown in (b) is a system whose stability is assured
only through its integrated action as a whole structure.

(a) Plane F r a m e D o m e

(b) Space Truss D o m e

Fig. 2.1 Domes Formed from Different Structural Systems

The difference between a plane frame and a space truss can also be seen in view of
load transferring sequence. In system (a), the transferring sequence of the loads applied
to the roof is in such a w a y that the forces are transferred successively through the
purlins, secondary beams and primary beams to the arches, and finally to the ground. In
each case, members of the frame system transfer loads from the lighter members to the
heavier members. A s the sequence progresses, the magnitude of the loads to be
transferred increases. Consequently, distinct ranks are produced among the elements, in
term of the size of their cross sections, according to the importance of the tasks assigned
to them. In contrast, in system (b), the load transferring sequence is not set from the
beginning, and all elements contribute to the task of supporting the applied loads in
accordance with the three-dimensional geometry of the whole structure. For this reason,
the ranks of the constituent members do not necessarily exist. Therefore, a space truss
can be characterized as a "spatially framed structure without appreciable rank" (or
hierarchy) a m o n g its constituent elements (Kawaguchi 1994).

2.1.3 Structural Constituents of Space Trusses
The essential constituents of m o d e m space truss systems are the linear members and
joints which usually have large repeatability and interchangeability. The members firmly
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connected by joints result in a single, integrated structural entity. The characteristics of
the members and joints in space trusses are described as follows.

In space truss systems, linear members are usually straight, but there are cases" w
curvilinear members have been used. Mild steel is the most c o m m o n material for the
members, but aluminum space trusses are encountered as well. Although not c o m m o n ,
w o o d is also used for linear members from time to time (Medwadowski 1981). Tubes
are the most c o m m o n section used for linear members, because of their sttuctural
efficiency in compression. However, open section such as angles, channels, and I or H
sections are also utilized w h e n the efficiency of transferring flexural loads is a
significant requirement (Kawaguchi 1994).

The most important part of a space truss system is the joints. Joints are an essent
factor in reducing the overall cost of a space truss, although other factors such as selfweight, assembly and erection also influence the overall cost (Kawaguchi 1994).
/Although the joints are essential in structural systems other than space trusses, their role
in the latter is more important. Because more members are connected to them, the joints
in a space truss are m u c h more sophisticated than the joints in other structures.
Furthermore, because the members are located in a three-dimensional space, the force
transferring mechanism is more complex than in other systems. Therefore, the principal
attention of designers centres on the problems of the joints in space trusses. The
technical- economic and aesthetic result of the entire construction depends on the joints'
efficacy. In effect, most of the commercial space truss systems are characterized by their
patented joint systems (Kawaguchi 1994).

Fig. 2.2 shows the joints in some common space truss systems. The most popularly
used materials of space truss joints are steel and aluminum. A m o n g the popular
commercial systems one can find joints of cast or forged steel, pressed steel plates
(sometimes partially welded), and extruded aluminum. Space truss joints are usually
machined to a high degree of precision. Typically, the ends of the linear members are
also carefully machined, so that their lengths and angles fit the joints exactly. Most
space trusses have concentric joints, i.e., the centroids of all the members framing into a
project joint, passing through a c o m m o n working point which is the centre of the joint.
S o m e space trusses have eccentric joints. However, the eccentricity m a y cause local
bending of the joints and members, which usually results in heavier structures (Cuoco
1981). O n occasions, linear members are continuous through the joints and hence
simpler joints using straight or U-shaped bolts which clamp the intersecting members
are encountered. The continuity can compensate for the disadvantages of eccentricity,
however, it can only be used in a few kinds of space trusses (Codd 1984).
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Fig. 2.2 Joints in Some Common Space Truss Systems
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2.1.4 Structural Systems
A s is well known, the structural composition of space trusses arises from the
assemblage of single modular units, which are prefabricated and coordinated. These are
m a d e u p of simple loose building components or of composite units preformed in the
workshop, often derived from industrial mass production, with all the advantages that

this offers. Apart from the numerous individual achievements, based on "ad hoc"
solutions, studied case by case, a hundred or so patented structural systems have been
in existence for m a n y years, developed mainly in industrialized nations with notable
market potential. These systems have various structural performances and more or less
refined technological characteristics. A m o n g the best k n o w in the international field are
the M E R O system (Germany), the S P A C E D E C K system ( U K ) , the T R I O D E T I C
system (Canada), the U N I S T R U T system ( U S A ) , the U N I B A T system (France) and
others, which have n o w taken on a "historic" value, widely documented by a rich
specialized bibliography (Makowski 1993).

All the structural systems may be described in two ways: by a topological method
which joints and members are assigned to vertices and lines on a geometric shape; and
by a geometric method in which basic geometric bodies are assigned to the individual
modular elements

and systems

that form

regularly

or irregularly repeating

configurations, and the framed system itself is subsequently given by the designation of
the modular unit (Sumec 1990).

In this thesis, the classification of space trusses will be described based on t
surface shapes, i.e., plane grid systems, folded plate systems and curved space truss
systems. All the above three categories of space trusses can be constructed as a single
layer, i.e., the structural components are located on only one surface, or double layers,
i.e., the structural components are located on two parallel surfaces that are suitably
distanced from one another. And, if there is a particularly high requirement for the level
of static performance, even triple layer structures are not infrequent (Gioncu 1995).

2.1.4.1 Plane Grid Systems
Disregarding single-layer grids as hardly significant, multi-layer grids, without doubt,
are one of the most frequent and convenient structural systems, because of their
remarkablerigidity,production simplicity and static capacity (Gioncu 1995).

The plane grid systems, as shown in Fig. 2.3, are made up of two or more modular
parallel plane lattices, perfectly overlapping or staggered, connected by vertical or
diversely angled (usually at 45°) elements. The lattices m a y have the same or different
multi-directional dispositions with square, rectangular or even hexagonal grids.
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(a) Double-Layer System

(b) Multi-Layer System

Fig. 2.3 Examples of Plane Grid Systems

(a) Horizontal

(c) Sloped

(b) Vertical

(d) Pyramidal

Fig. 2.4 Common Forms of Plane Grid Systems

The applicative range of the plane grid systems is extremely vast and well d
a wide variety of geometric schemes. Fig. 2.4 gives some of the most c o m m o n forms.
The plane grid system are always statically efficient because when external loads are
applied exclusively to the joints, the members are subjected to purely axial forces, and

therefore, their resistant sections are fully utilized. In particular, in a three layer syste
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whose middle lattice is situated along the medium surface of the structure and acts as a
neutral connection inter-layer, the plane grid systems can cover an area with dimensions
even greater than 100 m , with a limited number of support points (Gioncu 1995).
2.1.4.2 Folded Plate Systems
The folded plate systems are m a d e up of a set of plates which can be singly or multiply
folded along the intersection lines in correspondence with the edges or with the valleys.
The plates are m a d e of actual sheets of appropriately connected and folded steel, or more
often, m a d e of triangular lattices spread over inclined layers, with a superimposed roof
covering that frequently contributes static efficacy (Fig. 2.5).

(a) Stepped

(b) Multi-Plate

Fig. 2.5 Common Forms of Folded Plate Systems
The folded plate systems can cover considerable spans and boast particular aesthetic and
acoustic properties. Also, they have an advantageous form effect that brings them
somewhat close to the performance of curved structures, due to a static membrane-like
behaviour. In particular, the double layer system can enhance the stiffness of the
structure, and even can optimize the internal force state.

A useful feature of folded plate systems is that their strength and stiffness de
mainly on the geometric form of the surface rather than depending on the mechanical

characteristics of the materials. It follows that for such systems materials are not used as
in traditional structures. S o m e materials with brittleness or low elasticity, e.g.,
aluminum or derived plastics, are suitable for such systems (Gioncu 1995).

2.1.4.3 Curved Space Truss Systems
The conceptual geometric shape of curved space trusses is created by the translation of a

curve (also called as the generator) that lies on the given plane, along the curve that lie
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on another plane called the genetrix, or by the rotation of the generator around a straight
line (Wright 1986).

The nature of curved space truss systems is primarily dictated by what is calle
Gaussian curvature, the algebraic product of the two principal curvatures. In terms of
Gaussian curvature, when the two principal curvatures have the same sign, as in a
spherical segment (sphere, dome, elliptic paraboloid), the Gaussian curvature is
positive. W h e n a shape is curved in one direction only, as in the case of a barrel vault
and cone, the Gaussian curvature is zero. W h e n the principal curvatures are of opposite
signs, as in hyperbolic paraboloid and hyperboloid, the Gaussian curvature is negative.
Fig. 2.6 shows some c o m m o n forms of curved space trusses. Despite the barrel vaults
and domes are the most wide spread, many other forms, including even arbitrary shapes
that cannot be expressed algebraically, have been successfully constructed (Gioncu
1995).

(a) Barrel Vault

(b) Cylindrical

(a) Conical

(b) D o m e

Fig. 2.6 C o m m o n F o r m s of Curved Space Truss Systems
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T w o dimensional behaviour prevails in zero-Gaussian curvature structures, where
bending m a y arise under asymmetric loading. The curved space truss systems with nonzero Gaussian curvature, on the other hand, develop membrane forces such as direct
forces and shear forces in the surface which are essentially "membrane-like", with
prevalent axial forces in the members, and therefore, are sufficient to carry external
loading. Even if a curved space truss is shallow, the bending forces affect only the local
areas close to the edges. The curved space truss systems have the advantage of greater
structural efficiency than plane grid systems in covering large area (Gioncu 1995).

Modem curved space trusses, mostly single layer, are made up of a dense and modular
multi-directional grids that are laid out according to a precise geometric scheme along a
determined curved surface so as to form a lattice of rectilinear members. The linear
members, usually tubular, are of equal or only slightly different size and are
interconnected at the joints. Most frequently the grid produces the form of a triangulcir,
but sometimes also quadrangular or hexagonal grids (Gioncu 1995).

Although single layer systems are most popularly used, it might be better to use do
layer systems to cover extremely wide spans. The introduction of diagonal w e b
elements for the connection between the upper and lower grids can improve the stiffness
and strength of the structures. This is a useful means to reduce instability and dynamic
vibration for wide span structures (Gioncu 1995).

2.1.5 Advantages of Space Trusses
The principal advantage of space trusses over the traditional column-beam systems is
their significant stiffness and lightness. This is due to the

tee-dimensional

characteristic of space trusses which span in more than one direction. The materials are
distributed spatially in such a w a y that the load transferring characteristic is primarily
axial, tension or compression only, so that all materials m a y be utilized to their
m a x i m u m . In addition, the members arranged uniformly and bracing each other, can
prevent buckling of the individual element in compression more efficiently. The full
participation of its constituent members allows a space truss to reduce the sections of
members and to adapt equally well to almost all types of loads. In a large span structure
in which the self-weight constitutes an important part of the total load, the lightness of
the constituent elements is important. This feature of a space truss is most symbolically
shown by large telescopes which demand very high rigidity as well as lightness
(Medwadowski 1981).

The second advantage of space trusses is their higher industrialized degree in pro
and construction, relative to other conventional systems. Both linear members and joints
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are suited to prefabrication, so that the assembly work at the site is relatively simple.
Most space truss systems utilize extensive prefabrication in the workshop and ehminate
the need for highly skilled labour at site. The light weight of individual elements makes
the handling and assembly work easier. In addition, m a n y space trusses can be
assembled o n the ground, thus resulting in increased construction safety and further
reduction in skilled labour (Cuoco 1981).

The third advantage of space trusses is their positive aesthetic quality. A space tr
often very attractive from an architectural point of view. This is due to the regular threedimensional pattern of their members, incisive lines creating an molecular-type structure
which tends to duplicate nature. Space trusses possess a versatility of shape and form,
and can utilize a standard module to generate flat grids, barrel vaults, domes and freeshaped structures (Cuoco 1981).

The last advantage is a functional one in that a space truss system requires only th
addition of a light roofing system to enclose space. Particularly, for some space trusses,
the top chords can also act as purlins to support the cladding elements directly. The
same functional need in conventional structures m a y result in an elaborate system of
secondary elements in addition to the cladding (Cuoco 1981).

2.2 CONSTRUCTION METHODS OF SPACE TRUSSES
2.2.1 Conventional Construction Methods
The three-dimensional characteristics of space trusses usually requires an accurate
fabrication of all components. In assembling a system, the positions of n e w points, to
which several n e w linear members to be connected, are determined usually by preceding
assemblages. Errors in fabrication of the members and in their assemblages are liable to
accumulate as the work on the site proceeds. It is very difficult to predict in advance
h o w an error in a certain element of a space truss might influence the subsequent
erection work. Also, it is almost impossible to judge which errors might have caused
s o m e difficulty in assembling a certain portion. Therefore, all the members and joints of
a space truss should be fabricated to extremely accurate dimensions to avoid the
accumulation of errors. (Kawaguchi 1994).

Most space trusses are assembled either in situ on a piece-by-piece basis, or in por
on the ground and then lifted into place. In some cases, where construction sequencing
permits, the entire space truss can be preassembled on the ground and then lifted into
place (Cuoco 1981). Accordingly, the erection methods of space trusses can be
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classified into the following main types, scaffolding method, block method, lift-up
method, and a pneumatic method, depending on what equipment is used and where the
main assembly work is carried out, in the elevated position or at the ground level.
2.2.1.1 Scaffolding Method
The scaffolding method is the basic shape formation method. With such a method, the
separate components of a structure are manually assembled in situ and temporarily
supported by scaffolding, as shown in Fig. 2.7. During construction full or partial
scaffolding is required so that the assembly of members m a y proceed in the high place
and the whole space truss completed in its final position. The relatively light weight of
individual m e m b e r or units allow them to be man-handled, and bolted or welded into
position. This is best done off mobile scaffolding. The constituent elements are
assembled piece-by-piece in the order of height. Each assembly unit is individually
positioned until the whole roof area is covered. Each time a unit is fixed in place; and its
length and position are checked to ensure the correct shape will be obtained.
Consequently, the scaffolding becomes the most important component in the shape
formation of a space truss, because it determines the accuracy of the assembly, and,
sometimes is the largest part of the overall cost of a construction (Kawaguchi 1994).

Fig. 2.7 Scaffolding

Method

The advantage of such method is that no facility is needed for ground assemblage, a
large spans can be constructed using relatively light hoisting equipment. In view of
construction, the scaffolding method is not always efficient and economical. First, it
requires a large amount of scaffolding whose cost increases with the height at which the
work is carried out. Second, it needs more labor and time due to assembling a structure
in the air, and is complicated, and often encounters difficulties in terms of accuracy,
reliability and safety of work

during its construction. However, despite its

disadvantages, the scaffolding method is sometimes a necessity w h e n site constraints
prevent the assembly of portions of the space truss on the ground (Cuoco 1981).
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2.2.1.2 Block M e t h o d
Because of the low efficiency and safety problems of the scaffolding method which
involves the assembly work in the elevated position, the block method has evolved in
order to assemble the space truss on the ground as much as possible. Small blocks of a
truss are assembled on the ground and are then hoisted to theirfinalposition by means
of conventional equipment such as a crane, as shown in Fig. 2.8. Temporary
scaffolding is established at the junction of the blocks when necessary. These blocks are
then interconnected to form a whole space truss.
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Block Lifting M e t h o d

The advantage of block method is that the work in the air can be minimized. Also,
where site access is good the size of crane can be kept to a minimum, and often there
will be no requirement for a special large crane to erect the space trusses. This method is
suitable for constructing complicated structures. However, this method still involves
significant work in the air (Matsushita 1984).
2.2.1.3 Lift-up M e t h o d
The lift-up method requires that the entire truss or most of it is assembled at ground
level and then lifted into itsfinalposition. This method is useful for constructing tall
structures, where the use of the block or element methods can be costly. The basic
feature of the lift-up method is that the horizontal position of a structure remains the
same during the process of lifting. The equipment used is mostly of the conventional
type, such as cranes, hydraulic jacks and winches. It is economical to makefoiluse of
the load-bearing columns of the structure as the supporting points for erection, thus
avoiding heavy hoisting equipment (Eberlein 1975).
Double-layered grid systems seem to have been most successful in this regard, as
structure is flat and suits to assemble on the ground. The advantages of this method
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include: increased work efficiency as the structure is mostly assembled at ground level,
better work control, and improved work flow by ehminating the need for large hoisting
equipment (Matsushita 1984). However, at present, although the lift-up technique is
almost routine for double-layer grids, for other types of curved space trusses, such as
domes and barrel vaults, it does not appear that the routine procedures used in erection
of double-layer grids have been determined despite a number of attempts (Kawaguchi
1994).
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Fig. 2.9 Entire Lifting M e t h o d for a D o m e

Fuller tried to solve this kind of problem in a few ways when he encountered them
building some of his geodesic domes. For construction of one of his domes in Honolulu
in 1957 he adopted a system in which a temporary tower was erected at the centre of the
dome, from the top of which concentrically assembled parts of the dome were hung by
means of wire ropes. A s assembly of the dome proceeded, the dome was gradually
lifted, enabling the assembling work to be done along the periphery of the dome, always
on the ground. This method is illustrated in Fig. 2.9. However, unlike the lifting
methods used in double-layer grids, none of the proposed methods for lifting non-platetype space trusses have become popular (Kawaguchi 1994).
2.2.1.4 Pneumatic M e t h o d
The pneumatic method was developed by Bini (1993) for his Binistar system. The
system consists of triangulated space frames which are pneumatically lifted from their
footing level to their final position by way of an air tight, special preshaped membrane
fabric. This membrane remains in tension, and suspended from the galvanized steel

frame structure. The frame is composed of a series of telescopic pipes which are variable

in length and are mechanically fixed after the inflation is completed. Initially, the
telescopic pipes were controlled by automatic locking devices, but the problems of cost
and difficulties in manufacture of such devices lead to a manual fixing method instead
(Bini 1993).
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S o m e other similar pneumatic methods have also been reported where different lifting
methods have been applied to different domes. For instance, during building a huge
d o m e of 117 m in diameter at W o o d River, U S A , in 1959, Fuller adopted the pneumatic
method where the assembled part of the d o m e was raised on a balloon-like enclosure.
The pneumatic method has also been used for the erection of stressed-skin geodesic
domes, the aluminum sheet panels were added to a skeletal frame around the periphery
as the d o m e was raised (Makowski 1984).

2.2.2 Pantadome System
Recently, the Pantadome system has been proposed and employed to form some space
structures (Kawaguchi 1994). It seems that this system provides a more economical
method for the erection of domes. Strictly speaking, the Pantadome system is a type of
modified lift-up method. The principle of the Pantadome system is to make a dome
geometrically unstable for a period in construction, so that it is "foldable" during its
erection. This is done by temporarily taking out the members which lie on a hoop circle.
The d o m e is then a mechanism, and is given a controlled movement, like a three
dimensional version of the parallel crank of a "pantagraph", which term is generally
applied to a drawing instrument or a power collector of an electric train (hence the name,
"Pantadome").

As shown in Fig. 2.10, in the Pantadome system a dome is assembled in a folded sha
near the ground level. A s the entire height of the d o m e during assembling work is very
low compared with that after completion, the assembly work can be done safely and
economically, and the quality of work can be assured more easily than in conventional
erection systems. Not only the structural truss but also the exterior and interior
finishing, electricity and mechanical facilities are fixed and installed at this stage. The
d o m e is then lifted up. Lifting can be achieved either by blowing air inside the d o m e to
raise the internal air pressure, of by pushing up the periphery of the upper d o m e by
means of hydraulic jacks. W h e n the d o m e has taken thefinalshape, the hoop members
which have been temporarily taken away during the erection are fixed to their proper
positions to complete the d o m e structure. The lifting means, such as air pressure or
hydraulic jacks can be then removed, and the d o m e is completed.
Since the movement of a Pantadome during erection is a "controlled one" with only
freedom of movement (vertical), no means of preventing lateral movement of the dome
such as staying cables or bracing members are necessary during its erection. The
movement and deformation of the whole shape of the Pantadome during erection are
three dimensional and m a y look spectacular and rather complicated, but they are all
geometrically determinate and easily controlled. Three kinds of hinges are incorporated
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in a Pantadome system which rotate during the erection. Their rotations are all uni-axial,
and are of the most simple kind. Therefore, all these hinges are fabricated in the same
way as normal hinges in conventional steel frames.

KO.1 Hinge Line
No.2 Hinge Line
No.3 Hinge Line

Fig. 2.10 Erection Procedure of a Pantadome

The Pantadome system has been successfully applied to the stracture Bobe Spor
(an oval plan of 70 x 110 m ) in Kobe (Fig. 2.11); the Singapore National Indoor
Stadium (a rhombic plan of 200.x 120 m in the diagonal directions); Sant Jordi Sports
Palace (128 x 106 m ) in Barcelona (Kawaguchi 1994).
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Fig. 2.11 E x a m p l e of P a n t a d o m e System-Kobe Sports Hall
2.2.3 Deployable Structures
The so-called deployable structure is a generic name for a wide range of prefabricated
structures that can be transformed from a closed compact configuration to a predetermined, expanded form in which they are stable and can carry loads (Gantes et al.
1994). Generally speaking, almost all the deployable structures are prefabricated space
frames consisting of straight bars linked together in the fabricating shop and folded into
a compact bundle, which can be unfolded into a large span by simple articulation. W h e n
locked, the structures become a stable structure and can carry loads. Their reusability
and relocatablity offer the advantage of speed and ease of erection and dismantling,
which is significant for certain applications such as in the aerospace industry, military
and temporary construction (Gantes et al. 1994).

2.2.3.1 Manual-Locking Deployable Structures
The basic element of deployable structures is the so called Scissor-Like Element (SLE)
as shown in Fig. 2.12. It consists of two straight bars connected to each other at an
intermediate point with a pivotal connection that allows relative rotation of the bars about
an axis perpendicular to their plane. The basic mechanism of deployable structures is
provided by the expandable SLEs. The shape of a structure consisting of a series of
S L E s can be changed by pushing or pulling the ends of the assembly. In the folded
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configuration, all struts are parallel in a reduced parcel, and in the expanded
configuration the bars form planar or warped polygons. If the mechanisms existing in a
space structure are locked, then the structure becomes stable and can cany loads (Escrig
1985).

Fig. 2.12 Scissor-Like Element

The above system is used to create various curvature structures by many investigat
Fig. 2.13 shows an example of an expandable barrel vault proposed by Escrig (1985).
Other investigators include McNulty (1986), Zanardo (1986), and Pellegrino (1991).
The advantage of the manual-locking deployable structures is that they are stress free in
the folded configuration, during deployment and in the deployed configuration.
H o w e v e r , temporary supports and manual-locking are needed to stabilized the
structures.

Fig. 2.13 Expandable Barrel Vault

2.2.3.2 Self-Locking Deployable Structures
Compared with the manual-locking deployable structures, the main advantage of the
self-locking deployable structures is that no external stabilizing operation is required
after the erection procedures. The disadvantage is that they m a y develop stresses during
deployment, and s o m e types of self-locking deployable structures m a y maintain the
developed residual stresses .and curved members in the deployed configuration.
22
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Fig. 2.14 Trissor
One type of self-locking deployable structure includes the flat grids and
and constructed by Zeigler (McNulty 1986). The geometric properties of this type of
self-locking deployable structure are based on the combined geometric properties of the
three SLEs connected to form what is called the trissor (Fig. 2.14). The kinematics of
the Zeigler domes were investigated by Clarke in 1984. He also developed a developable
two layer geodesic dome of 5 m diameter, in which all of the 480 struts had
approximately the same length.

Fig. 2.15 A Deployable D o m e

Fig. 2.16 Deployment Process of a Deployable D o m e
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T o reach a stress free state in both thefollyclosed orfollydeployed configurations, an
improved type of such self-locking deployable structures was developed by Gantes et al.
in 1993. This type of deployable structure constituted polygonal units whose each side
and each diagonal were an S L E . The S L E s were assembled in such a manner that they
formed structural units with a plan view of normal polygons. The fundamental
requirement for this type of deployable structures is that each polygon unit must be self
standing and stress free w h e n folly closed orfollydeployed. Intermediate geometric
configurations during the deployment process introduce incompatibilities which exist
between m e m b e r lengths and lead to second order stresses and strains. Consequently,
the incompatibilities result in a snap through phenomenon which locks the structure in
the deployed configuration. The entirely folded up and unfolded states of a self-locking
deployable d o m e with 6 m diameter is shown in Fig. 2.15, with its deployment process
is depicted in Fig. 2.16. There are also other types of deployable structures. The
deployable structure described by Hernandez (1991) was used in the construction of the
Venezuela Pavilion.

2.2.3.3 Adaptive Structures
The adaptive structure is a structural system whose geometric and inherent structural
characteristics can be changed beneficially to meet mission requirements. This system
uses the feature of changeable configurations of a deployable truss structure. The
configuration is controlled through the telescopic actuators of lateral members. The
telescopic members contains actuators and sensors which respond to external stimuli
such as electrical, magnetic or thermalfields.Fig. 2.17 shows the deployment stages of
an adaptive structure which is capable of adapting to various surface forms with
different Gaussian curvatures (Natori et al. 1986). Adaptive structures have also been
used as large deployable reflectors or optical interferometers in space craft (Wada 1990).

Fig. 2.17 E x a m p l e of Adaptive Structures
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2.3 APPLICATIONS OF POST-TENSIONING TECHNOLOGY
M E T A L STRUCTURES

TO

The post-tensioning (or prestressing, post-stressing) method has been used mainly i
concrete structures to improve the structural behavior, due to its efficiency to overcome
the disparity of material strengths in tension and compression. It seems that posttensioning has m a d e little applications to metal structures until recent decades, when it
has been found that post-tensioning, not only can be employed as a means of improving
structural behavior or reducing the overall cost of metal structures, but also can be used
as a means of erecting metal structures. In metal structures, the role of post-tensioning
has an increasing importance and its application has an expanding acceptance. Cuoco
(1981) indicated the use of post-tensioning as one of the two areas of future trends for
space structures.
2.3.1 Improving Structural Behaviour
The first k n o w n prestressed metal structure is the cast iron arch roof of the Cathedral in
Chartres, which w a s post-tensioned by screw-up units during its reconstruction in
1836. In the following years, prestressing was applied to different buildings, mostly in
bridges, to obtain optimum structural performance from materials (Troitsky 1988).

The principal concept underlying prestressing is to provide stresses of the sign op
to that from the design load in the critical cross section or members of a structure. The
aims of conventional prestressing of steel structures are: (a) to obtain economy in steel
by utilizing high strength materials and to increase the range of the elastic response of
steel; (b) to reduce the deformability of the structure; and (c) to increase the stability of
the structure (Belenya 1977).
2.3.1.1 Prestressing Individual Members
The prestressed steel m e m b e r means the application of a predetermined concentric or
eccentric force to a steel m e m b e r so that the state of stress in the member resulting from
this force, and from any anticipated external loading, will be restricted to certain
specified limits. There are at least three practical ways to prestress steel beams. O n e
method is to use end-anchored high strength wires or bars. A second method is to stress
components of hybrid beams and a third method is to cast a concrete slab, in composite
fashion, to a deflected beam (Subcommittee on Prestressed Steel of Joint A S C E A A S H O 1968).
Based on various theoretical and experimental investigations, the Subcommittee on
Prestressed Steel of Joint A S C E - A A S H O (1968) draw the following conclusions:
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(a) prestressed steel enables the designer to achieve a greater elastic range than is
possible for an identical non-prestressed member. This makes a prestressed steel
m e m b e r advantageous to resist relatively large overloads without suffering permanent
distortion. A s a means of efficiently utilizing various strength] steels in built-up beams or
girders, prestressing can achieve significant savings in weight and depth of members.
This is accomplished without reduction in the factor of safety against yielding for any of
the steels, but does reduce the margin of safety against plastic mechanism formation;

(b) the savings in weight and/or depth in a steel member by means of prestressing do
necessarily indicate an over-all savings in cost. This is because prestressing usually
requires increased fabrication costs in a particular situation because of the uniqueness of
the prestressing operation itself.

Similar conclusions were also obtained by the British Iron and Steel Research
Association ( B I S R A ) in 1969. It was concluded that the savings in weight and/or depth
in a steel structure were achieved at the expense of the safety factor. The dtimate load
approach is the most appropriate w a y of treating prestressed steel girders, and the
ultimate load is independent of the pretension put into the high tensile steel. This effect,
and the fabrication cost of resisting stresses local to the anchorages, m a d e the cost
economy more illusory than real in the majority of cases. The exception to this general
conclusion is in the case of girders carrying a high dead load to live load ratio. The
scope of application is, therefore, somewhat limited, and for these reasons the research
was not pursued further (Needham 1969).

2.3.1.2 Pre-Cambering in Metal Structures
It seems that pre-camber is one of the most suitable cases in which the post-tensioning
can be easily used. Pre-camber has been introduced to m a n y structural systems, as a
means of reducing apparent deflection without significant change in the overall shape of
a structure. Positive camber can be obtained either by increasing the fabricated lengths of
the top chord elements, decreasing the fabricated lengths of the bottom chord elements,
or putting shims between the mating surfaces of the top chord joints (Cuoco 1981). T h e
Space D e c k system allows the inducement of camber by means of tightening the tie bars
which have right- and left-hand threads at their ends (Whitworth 1981). However, precamber eliminates only the apparent dead load deflection, and as this is only a small
portion of the overall load, the benefits derived are usually limited (Ellen 1986a).

2.3.1.3 Post-Tensioning Flat Trusses
There are three basic methods to prestress flat trusses, depending o n the location of the
tendons and the sequence of prestressing. They are: (a) tendons are located within the
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lengths of the members most heavily stressed in the frame (Fig. 2.18). The members are
prestressed either during fabrication or during pre-assembly at the site. This method is
effective only for large span structures in which each prestressed member is an
individual prefabricated unit, due to the great number of tendon anchors needed; (b)
tendons are located throughout or within the span section to prestress several or all of
the truss members. The most c o m m o n form of this method is that the tendons (singlesegment for small spans or multi-segments for long spans) are located along the
tension chord, and extended through a number of panels as shown in Fig. 2.19; and (c)
tendons are externally located (Fig. 2.20). This method usually requires bracing to be
installed between individual trusses to stiffen the entire structure against the loss of
stability. However, if properly braced, the system may obtain a 25 to 3 0 % savings in
steel consumption (Troitsky 1988).
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Fig. 2.18 Truss with Prestressed Single M e m b e r s
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Fig. 2.19 Trusses with Tendons along Span
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Fig. 2.20 Trusses with Externally Located T e n d o n
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2.3.1.4 Post-Tensioning

Frames

Post-tensioning provides great benefits in frame structures because these structures
usually cover large spans, where the forces under dead load are significant. Belenya
(1977) mentions a number of cases wherein the use of post-tensioning has led to
savings on costs ranging from 12 to 30 percent. The benefits of prestressing are derived
from the m o m e n t s created on different cross sections of the frame, which are opposite in
sign to those caused by the dead loading, as shown in Fig. 2.21. In particular, he refers
to s o m e types of post-tensioned arches with a flexible top chord (Fig. 2.22), suggested
by Voevodin (Belenya 1977). The application of post-tensioning to the metal arches of
industrial buildings results in 1 2 % saving on steel and 2 9 % saving on erection costs.
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Fig. 2.21 A Post-Tensioned Truss T y p e F r a m e

Fig. 2.22 E x a m p l e s of Prestressed Steel A r c h e s
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Similarly, Ellen (1986a) also described post-tensioning as a tool to provide structural
stability in steel structures by the use of post-tensioning cables. Particularly, he
mentioned the concept of an "Equipoise structure" (a condition of perfect balance) that
was derived from the load balancing idea, to resist external loads, including upward
wind forces, by the prestressing forces.

2.3.1.5 Post-Tensioning Space Trusses
Substantial increase in load carrying capacity or reduction of weight has been reported
via the use of lack-of-fit (LOF) as a means of post-tensioning double-layer grids. While
random lack-of-fit (LOF) usually reduces the load carrying capacity of a space truss,
imposing lack offiton selected members in a controlled manner can increase the load
carrying capacity of a space truss and/or reduce its weight (Hanaor and Levy 1985,
1986). The reduction in weight of double layered trusses by prestressing was due to the
fact that one member m a y govern the design, while all other members are highly
undepressed; all these factors contribute to savings of up to 3 7 % in material (Levy
1986). It was claimed that the application of prestress by means of L O F was relatively
simple, and benefits were deemed to outweigh initial cost (Hanaor 1986).

Similarly, the concept of prestressing has also been implemented by introducing
prestrain into selected members of a roof truss in order to reduce stresses and deflections

Fig. 2.23 M P S a n d F P S M e t h o d s
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under dead weight. T w o methods called member prestrain ( M P S ) and frame prestrain
(FPS) have recently been introduced. The basic steps of the two methods are illustrated
in Fig. 2.23. T h e M P S method includes the removal of the comer bottom-chord
members of a flat two dimensional roof truss, applying horizontal prestrain to the comer
lower joints of the truss by means of hydraulic jacks, and then replacing the removed
members back in position after the desired camber is obtained. This method results in a
curved shape for the roof truss. The F P S method includes the removal of the middle topchord member, applying vertical prestrain to the middle lower joint, and replacing the
middle top-chord m e m b e r back in position. Thefinalshape obtained by this method is a
pitched roof (Nakashima et al. 1993).

2.3.2 Constructing Structures by Post-Tensioning

2.3.2.1 Post-Tensioned Plane Structures
Post-tensioning as an erection method has beenfirstused to build arch shaped skeleton
(frame) structures. In order to form a structure with curved surface from an initially flat
configuration, either of the following two methods can be employed. Thefirstmethod is
to leave the bottom chords at their true lengths and replace the top chords with loose
cables. T h e second method is to leave the top chords at their true length, and introduce
instead certain gaps into the bottom chords proportionate to the desired curvature.

Fig. 2.24 Self-Erecting T w o - L a y e r Prefabricated Steel A r c h

The main idea of the first method, the post-tensioning top chord method, is that
erection process is completed by post-tensioning the top chords of an initially flat
structure. The flat structure, consisting of prefabricated plane truss units and loose top
chords (cables), isfirstmanually assembled on ground level. Then, the roller support is
draw towards the fixed support by a cable at ground level to such an extent that the
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desired curvature is obtained and the top chord cables are stretched tightly enough.
Fixing the roller support results in a two layer space truss with tensile top chords
(cables). T h e required height and longitudinal dimension of the arch can be attained by
providing the appropriate number and lengths of the tensile chords. Fig. 2.24 shows
such an arch described by Saar in 1984.

The second method is to post-tension the bottom chords of a two-dimensional frame.
T h e bottom chords are purposely designed to be too short initially at ground level, and
thereby the assembly of open-web planar portal-frame leads to a fast and economical
form of construction by post-tensioning. T h e resulting structure is a series of trussed
portal frames. Patented systems have been developed and used to erect m a n y large span
steel structures based on such a concept (Ellen 1986a).

Rigid haunch

Sliding
column

(a) Assembled at ground level

Cable in bottom
chord tube

Sliding joint
open

Initially curved
top chord
Rigid
haunch

r-h

Sliding jolnty
locked

(b) Erected intofinalposition

Fig. 2.25 Erection of a Stressed-Arch (Strarch) F r a m e

T h e second method has been widely used to form the stressed-arch structural system by
the Strarch C o m p a n y . T h e Strarch (stressed arch) system consists of a flexible truss
segment and t w o rigid haunch regions as s h o w n in Fig. 2.25. T h e plane truss frames
are initially assembled at ground level, so as to form a complete roof system. Erection of
the structure is achieved by tensioning the cables passing through the bottom chords. A s
the bottom chords shorten at the gap locations, the complete structure is lifted into an
arch configuration. T h e procedure is completed by fixing the sliding column in position
and grouting the prestressing cables. During the erection process, the top chord of the
truss is curved by a hogging m o m e n t . For low-rise structures, the curvature of the top
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chord, together with the axial thrust generally results in elastic deformation of the top
chord. For high-rise structures which are highly curved, the top chord m a y be plastically
deformed (Clarke and Hancock 1994).

Strarch structures with clear spans of up to 100 m have been successfully built. It is
claimed that this structural system can offer substantial economic advantages in
fabrication and erection compared to conventional truss structures. Labour cost is
reduced as the system is delivered to site in prefabricated truss segments, and the
cladding and services are installed at ground level. Therefore no falsework is required
during construction, and safety for workers is increased (Clarke and Hancock 1994).
2.3.2.2 Post-Tensioned Space Structures
It is evident a developable surface such as a barrel vault can be produced by curving a
flat configuration. If the deformation is restricted to bending only and without any
extension in the surface, all line lengths and angles on the original planar surface in one
direction can be kept unchanged during the curving process. Using such a concept, a
three-dimensional structure with a developable surface can be easily obtained from a flat
grid (Duncan and Duncan 1982). McConnel et al. have used such a method to shape a
two-dimensional truss into a singly curved atrium wall. In such a method, the flat grid is
modified as a series of interconnected two-dimensional trusses, without bottom chords,
and the post-tensioning is applied to the vertical posts of the trusses through expanding
joints (McConnel et al. 1993).
Space structures with undevelopable surfaces have also been constructed by posttensioning two-dimensional space trusses. Using a similar concept, Montero (1993) has
formed different structural shapes, including domes and folded plates, from flat singlelayer grids. T h e main characteristics of the flat grids are that, without change in
distances between joints, the grids can be changed to rhombi by modifying their angles
during the erection process. The erection process is completed byfixingthe perimeters
of the structures into a pre-determined stiff base (Montero 1993).
Wolde-Tinsae described another method to construct a strut dome in 1981. As shown in
Fig. 2.26, the domical structure consists of a series of single-layer arches. The arch is
m a d e by elastic buckling of an initiallyflatthin strut. A cable passing through loops is
attached to the ends of each strut. A s the cables are pulled, the struts buckle and the
d o m e erects itself. Once the desired height is achieved, the struts are connected to
supports, and then reinforcing rings and covering membranes are added. The resulting
structure is an arch frame or d o m e consisting of a series of prestressed single-layer
arches. However, it is found that such a single-layer arch d o m e decreases its critical load
2 5 % , compared with rigid d o m e of the same shape and size.
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Fig. 2.26 Erection Set-up for Pre-Buckled Strut D o m e

Fig. 2.27 Core Materials for Pre-Buckled Sandwich Strut

(a)
E_S_
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(b)

Fig. 2.28 Construction Process of Pre-Buckled Sandwich Strut D o m e
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A n improvement to the above single-layer arch d o m e was achieved by the introduction
of composite sandwich struts and separate post-tensioning of the layers in a sandwich
, strut (Wolde-Tinsae 1991). The szindwich strut consists of top skin, core material and
bottom skin, as shown in Fig. 27. The erection process of such a sandwich strut d o m e
is illustrated in Fig. 2.28. T h e core material is initially attached to the bottom skin (Fig.
2.28a), the members are then joined to a central piece to form an array of intersecting
members (Fig. 2.28b), the top skin is then attached to the central piece but is not yet
attached to the core (Fig. 2.28c). A system of cables, which are attached to the central
piece and jack, as shown in Fig. 2.26, is then used to lift the structure into its final
position.

Although the improved method utilizes the post-buckling load carrying capacity of the
members (struts), it has been demonstrated that if prestressing is applied separately into
the layers of sandwich arches, unlike single-layer elastic arches, the resulting structure
would be as stable as itsrigid(i.e., nonprestressed) counterpart (Mirmiran and A m d e
1995).

2.3.2.3 Post-Tensioned and Shaped Space Trusses
In the recent years post-tensioned and shaped space trusses have been investigated at the
University of Wollongong. B y expounding the application of post-tensioning method to
a novel three-dimensional structure, post-tensioned and shaped space trusses are capable
of being shaped into a wide range of interesting architectural shapes and erected into the
space position at the same time.

The novel three dimensional structure is a Single-Chorded Space Truss (SCST) which
depends on a combined torsional and flexural rigidity for its transverse stiffness to
applied load (Schmidt 1985). Although the S C S T is a stable load carrying structure,
once it lacks sufficient boundary restraints, which is the case during the post-tensioning
operation discussed herein, it works as mechanism or near-mechanism without offering
appreciable resistance to the deformation.
Post-tensioned and shaped space trusses have been investigated in details by tests on
relatively small-scale models (Dehdashti 1994). Fig. 2.29 shows the flat and curved
shapes of a post-tensioned and shaped barrel vault. The conclusions from these studies
support the idea that planar space trusses can be formed into a curved space shape by the
erection process, and they still have satisfactory ultimate load carrying capacity after the
post-tensioning operation (Dehdashti 1994). Also, it is found that for the space trusses
of zero Gaussian curvature, such as barrel vaults, their curved space shape is easy to
control in both the test and analysis. However, for the space trusses of non-zero
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Gaussian curvatures, such as domes and hypars, there is difficulty to predict and form
the desired space shape. For example, there were negative Gaussian curvatures in the
post-tensioned and shaped domes, and the curvatures in the post-tensioned and shaped
hypars were not uniform (Dehdashti 1994).

(a) Planar Layout

(b) Space Shape
Fig. 2.29 Post-Tensioned a n d Shaped Barrel Vault
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In this thesis, the methods to form post-tensioned and shaped space trusses with nonzero Gaussian curvatures, such as domes and hypars, are investigated. The following
investigations principally include experiments and theoretical analyses of small-scale
models with different Gaussian curvatures.
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BASIC CONCEPTS OF
POST-TENSIONED AND SHAPE
SPACE TRUSSES
3.1 PRINCIPLES OF POST-TENSIONED AND SHAPED SPACE
TRUSSES
Post-tensioned and shaped space trusses are an innovative structural system in which
whole structure is shaped and erected by a post-tensioning procedure rather than by
traditional techniques involving cranes and scaffolding. This type of space truss, even
within the yielding limit of the materials, is capable of being shaped and erected into a
significantly curved space shape from a planar layout. The principles of post-tensioned
and shaped space trusses include the structural system, the space shape, the shape
formation condition, and the post-tensioning method. These essential aspects that lead to
shape formation and self-erection are discussed as follows.
3.1.1 Structural System
Compared with traditional structures, the basic feature of a post-tensioned and shaped
space truss is that the structure involves mechanisms which occur in pin-jointed
systems or trusses, or near-mechanisms which m a y have rigid or semi-rigid joints, but
are kinematically indeterminate if they were pin-jointed in the initial planar layout, and
all the existing mechanisms are eliminated in the curved space shape condition. The
existence of the mechanisms or near-mechanisms allows the relative distances between
some joints to have significant changes, while the lengths of most members remain
unchanged (only deflection without large stain) during the shape formation procedure.
There are various types of space trusses, including single-layer and double-layer
trusses. However, in view of the shape formation process, all of these existing truss
types are unsuitable to fabricate a post-tensioned and shaped space truss. Single-layer
trusses can be readily shaped to singly or doubly curved space shapes by posttensioning two-dimensional space trusses (Montero 1993), but instability under load in
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theirfinalshape can quickly become a problem owing to the low out-of-plane flexural
stiffness. Double-layer trusses, on the other hand, rarely suffer this problem, but they
are unable to be shaped to curved space shapes from a planar configuration. In this
thesis, the Single-Chorded Space Truss (SCST) system is used as the basic element of
the post-tensioned and shaped space trusses.

(a) Plan View

(b) Side View
Fig. 3.1 Planar Layout of a Barrel Vault Space Truss

The basic structural module of the Single-Chorded Space Truss (SCST) is a truss with a
single-layer of chords, together with out-of-plane w e b members (Schmidt 1985). Fig.
3.1 shows a planar layout for a barrel vault. The construction procedure for a posttensioned and shaped space truss initially involves the assembly of the whole square
layout at ground level in an essentially flat condition. In the initial layout, the top chords
and w e b members are left at their true length. The bottom chords are given gaps in
proportion to the desired final shape. The bottom chords comprise shorter tubes and a
strand that passes through the tubes and through the bottom joints. The initially too-
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short chords are used to create pre-defined gaps, while the tensioning strand is used t
close the gaps. Not all pyramidal units need to be connected horizontally by bottom
chords, and the positions of the bottom chords are determined according to the desired
final space shape of a structure. B y means of post-tensioning, the S C S T can be
deformed into its desired space shape and erected into itsfinalposition at the same time.

The SCST system utilizes the advantages and eliminates the disadvantages of both the
single-layer and the double layer trusses. In the initial planar layout, the S C S T provides
mechanisms or near-mechanisms that can be readily shaped with relatively small posttensioning forces. T h e only resistance to deformation of an S C S T is the self-weight of
the truss, theflexuralstiffness of the top chords, the friction between the stressing
cables and the joints through which they pass, and the friction between the sliding
support joints and the ground.

After the post-tensioning and a self-locking process for the initially too-short bottom
chords, the S C S T becomes a stable structure and can carry significant loads. This type
of post-tensioned and shaped space truss, even pin-connected, is intermediate in overall
out-of-plane flexural stiffness between single-layer and double-layer plane space
systems because it depends on the axial stiffness of its members for its structural
behaviour and not on theirflexuralstiffness (Schmidt 1989). Previous research on a
non-prestressed barrel vault has shown that the out-of-plane w e b system can prevent
overall instability under unsymmetrical loads (Hoe and Schmidt 1986), although this
would depend on the span/rise ratio. Experimental results of post-tensioned and shaped
barrel vaults formed from S C S T have shown that the ultimate load capacity of such
structures is significant. Although the top chords are flexed during the shape formation
process, this bending is not detrimental to the structural performance of the structure as
the resulting structure acts as a space truss in itsfinalshape (Dehdashti 1994).

3.1.2 Shape Formation Condition
It is well k n o w n that a surface with non-zero Gaussian curvature, such as a sphere, is
undevelopable, if it is m a d e of continuous material. T h e developability of a posttensioned and shaped space truss with non-zero Gaussian curvature to a planar layout is
possible w h e n the discrete truss members can allow adequate in-plane and out-of plane
movements between members to occur during the truss formation process. However,
there still are limitations to the developability of a post-tensioned and shaped space truss.
While the practical developability (shape formation condition) of a post-tensioned and
shaped space truss depends on the m a x i m u m elastic deformation extent of the top chords
and joints, the theoretical shape formation condition of a post-tensioned and shaped
space truss consists of the following two basic conditions (Schmidt and Li 1995a).
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3.1.2.1 Mechanism Condition
For a post-tensioned and shaped space truss, a mechanism condition means that a
mechanism or near-mechanism condition (flexure only of the top chords) must exist in
its initial configuration, and that no mechanisms are allowed to exist in its final
configuration. This requirement is necessary in that: in the initial configuration the
structure must be kinematically indeterminate to allow thefinalshape to be obtained with
relatively small post-tensioning forces; in itsfinalshape the structure must be at least
statically determinate, if not statically indeterminate, in order to be stable and to cany
external loads.

The mechanism condition of a post-tensioned and shaped space truss in threedimensional space can be expressed by a general Maxwell criterion (Calladine 1978),
R-S + M = 0

(3.la)

R = b-(3j-r) (3.1b)

where R is the degree of statical indeterminacy; S is the number of independent pres
states that exist; M is the number of independent mechanisms; b is the total number of
members; j is the total number of joints; and r is the number of restraints on the
structure.

A mechanism condition for a post-tensioned and shaped space truss can be expressed as
M > 0 (R < 0, S = 0) in its initial planar layout; M < 0 ( R > 0,S > 0 ) in itsfinalspace
shape.

3.1.2.2 Geometric Compatibility Condition
A n ideal geometric compatibility condition between the initial and final configurations of
a post-tensioned and shaped space truss is that all the no-gap members must remain the
same length (only deflection without large strain) during the shape formation process.
Also, the distances between bottom joints in which the initially too-short bottom chords
are placed to create gaps, must shorten during the shape formation process to allow the
post-tensioning operation.

The geometric compatibility condition of a post-tensioned and shaped space truss can
described by means of the geometric models that reflect the relationship between the
planar layout and the final space shape. The geometric models can be established by an
optimization method (Schmidt and Li 1995a), or by finite element method (Li and
Schmidt 1997a), as illustrated in the following Chapters.
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3.1.3 Post-Tensioning

Method

The basic requirement for the post-tensioning method is that with relatively small posttensioning forces, an structure involving mechanisms or near-mechanisms can be
formed and erected into the desired space shape. In order to form a curved shape from
an initially flat configuration, there are two methods that can be employed. The first
method is shown in Fig. 3.2. The top chords of a structure are replaced with loose
cables. Then the roller support is drawn towards thefixedsupport to such an extent that
the cables are tightly stretched. Tying the two supported ends with a tie rod results in a
stable structure with the desired curvature. This method has been used to construct
braced steel arches (Saar 1984).

(a) Initial Shape

(b) Deformed Shape

Fig. 3.2 Shape Formation by Elongating Loose T o p Chords

(a) Initial Shape

(b) Deformed Shape
Fig. 3.3 S h a p e Formation by Post-Tensioning Shorter Bottom Chords
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The second method is shown in Fig. 3.3 in which the top-chords and web members are
left at their true length while some or all the bottom chords are given gaps in proportion
to the desired final shape. A s there are gaps, a mechanism condition exists in the
structure. B y post-tensioning at the high-tensile prestressing cables that pass through the
bottom chords as well as through the relative joints, thefinalcurved shape can be
obtained. This method has been used to erect planar trusses which are longitudinally
connected by purlins (Ellen 1986a), and m a n y large-span (over 100 m ) steel structures
have been erected (Clarke and Hancock 1995).

Fig. 3.4 Post-tensioned a n d S h a p e d Barrel Vault Space Truss

In this thesis, the post-tensioning method is similar to the second one, i.e., the pos
tensioning is achieved by tensioning strands along the shorter bottom chords of a planar
layout (SCST). A s shown in Fig. 3.4, the bottom chords are given gaps in proportion to
the desired final shape. The gap chords comprise shorter tubes and a strand that passes
through the tubes and through the bottom joints. A s the strand is tensioned, the bottom
chords will be shortened at the gap locations. A s a result, the complete structure is
shaped into a curved configuration and erected into itsfinalposition. Fixing the sliding
bottom joints at pre-located supports results in the structure locked into its final shape
and position. T h e S C S T changes its state from a near mechanism condition to at least a
statically determinate condition, and thereby can carry significant loads.

For a given planar layout, there are several potential post-tensioning methods. The
selection of the most convenient post-tensioning method, both from a practical and from
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a structural point of view, is still an open question. However, the basic criterion for
selecting a post-tensioning method should be whether a structure can obtain its desired
space shape by inserting members too short and then closing the gaps, and whether
large stresses are induced during the post-tensioning process (Li and Schmidt 1997a). In
most cases, the post-tensioning method can be determined according to the desired space
shape and size of the space truss, as well as the Maxwell criterion (Calladine 1978).
However, the feasibility of a proposed post-tensioning method needs to be investigated
by a finite element analysis. The results of afiniteelement analysis will indicate whether
the planar layout can be deformed to the desired space shape by the proposed posttensioning method, and whether large stresses are induced during the post-tensioning
process. It will also give the values of the post-tensioning forces. The feasibility of a
proposed post-tensioning method can be determined, based on the space truss shape, the
value of the post-tensioning forces, and the values of the stresses induced by the posttensioning operation.

3.2 SHAPE FORMATION ANALYSIS METHODS FOR POSTTENSIONED AND SHAPED SPACE TRUSSES
3.2.1 Space Shape of Space Structures
F r o m a topological point of view, most space structures are of a regular shape that is
often analytically defined. T h e fact that almost all classical space structures have a
regular shape can probably be accounted for by a prescribed regular plan: domes on
circular or polygonal plan, barrel, cloister and groin vaults spanning rectangular plans.
This rule has certainly been followed up to the present day. The development of shell
theory has added another reason: closed form solutions need an analytical definition of
the geometry of space trusses. Not infrequently the following design principle emerged:
take an analytical defined surface, e.g., a sphere, cut out a certain segment and - since
the amputated shell structure cannot exhibit anymore its ideal membrane state - add
special stiffening elements at the boundaries. The judgement is more a matter of taste
and aesthetics than of structural reliability ( R a m m and Mehlhorn 1991).

However, with the wide spread application of computers, some new concepts have been
introduced into the shape formation process of space structures.

For concrete shells, Ramm and Mehlhorn (1991) referred to a shape finding method in
which a few geometrical parameters such as span, height, the load condition and desired
stress state were given initially, and then the natural shape of the shell w a s sought. In
m a n y cases this concept allows one to avoid heavy edge beams leading to a more
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natural, elegant design of shells with free edges. This idea has been extensively used
Isler (1994), w h o applied mainly experimental shape-finding methods, such as "soap
bubbles" and "hanging membranes", to determine the proportions of concrete shells.
The shape of a concrete shell can be generated by a load case. This can be a pressure
load on a clamped membrane leading to a pneumatic form ("bubble shell"), or a dead
load in a hanging model rendering pure tension which, if stiffened by any means, turns
into pure compression after inversion.

These shape generating procedures of concrete shells can be simulated by computer
analyses based on geometrically nonlinear membrane or shell theory, using for example
finite element methods. For a given arbitrary plan a flat membrane is subjected to
uniform pressure, line or concentrated loads and the desired shape can be generated.
This computer aided formfindingprocess yields directly numerical data on the generated
shape which can be further processed in a structural analysis. This idea has been verified
for a reinforced concrete "bubble" shell. The shape of the clamped shell over a
rectangular plan was generated by an elastic large displacement analysis under internal
pressure. A n ultimate load analysis for the space structure was then performed. The
main problem with this procedure is tofinda compromise, w h e n different load cases are
dominant ( R a m m and Mehlhorn 1991).

For prestressed cable structures whose shapes are determined by prestressing of cables
the shape-finding methods based on computer analysis are almost a routine. Three
methods are used in the shape-finding of cable structures: (1) the surface geometry is
given and the internal stresses are to be determined; (2) the internal stresses are given
and the surface geometry is to be determined; and (3) both the surface geometry and
internal stresses are to be determined. Each of the methods requires the specification of
the surface topology and boundary conditions. These shape generating procedures can
be simulated by computer analyses based on geometrically nonlinear membrane or shell
theory. The desired shape can be generated by a computer aided shape-finding process
that yields directly numerical data on the generated shape and can be further processed in
a structural analysis (Knudson 1991).

For post-tensioned and shaped space trusses, their space shape depends on the planar
layout and the gaps in the closing members. Theoretically, it is possible to form a predefined classical geometric space shape (e.g., barrel vault, spherical dome) with an
appropriate planar layout. F r o m an economical point of view, a regular planar layout
(e.g., in which all top chords have the same dimension, and all w e b members have
another same dimension, or in which all manufactured units are uniform pyramids) is
desirable to simplify the fabrication process of a post-tensioned and shaped space truss.
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Previous investigation in theory and experiments has demonstrated that for a singlecurved post-tensioned and shaped space truss, like a barrel vault, it is possible to obtain
a pre-defined classical geometric space shape from a regular planar layout by the posttensioning method (Schmidt and Dehdashti 1993; Dehdashti 1994). For a doubly-curved
post-tensioned and shaped space truss like a d o m e or a hypar, there are difficulties in
shaping a regular planar layout to some pre-defined classical geometric space shapes
(Dehdashti 1994; Schmidt and Li 1995a). It seems that there are only two choices for
doubly-curved space trusses: either shape a regular planar layout to a layout-dependent
space shape, or obtain a pre-defined classical geometric space shape from a non-regular
planar layout. Accordingly, post-tensioned and shaped space trusses can be classified as
Regular-Layout-Based ( R L B ) and Space-Shape-Based (SSB) (Li and Schmidt 1997a).
In this thesis, both of the Regular-Layout-Based and Space-Shape-Based post-tensioned
and shaped space trusses are investigated.

3.2.2 Geometrical Shape Formation Analysis Method
Because of the existing mechanisms in post-tensioned and shaped space trusses during
the shape formation process, the member forces induced by post-tensioning are too
small to affect the overall space shape. Therefore, the relationship between the original
and deformed shapes of a post-tensioned and shaped space truss can be described only
by the planar and space geometrical models (Schmidt and Li 1995a). The accuracy of the
geometric analysis has been verified by its satisfactory agreement with the results of
experimental measurement andfiniteelement analyses in many post-tensioned and
shaped space trusses (Schmidt et al. 1996a, Dehdashti and Schmidt 1996b).

A post-tensioned and shaped space truss can be Space-Shape-Based (SSB) or RegularLayout-Based ( R L B ) (Li and Schmidt 1997a). For an S S B space truss, the space shape
is pre-defined, and the principal problem in the geometric analysis is h o w to layout the
mesh to the pre-defined space shape.

The space geometric model of a post-tensioned and shaped space truss is used to
express the surface meshed with grids (top chords) together with a system of out-ofplane w e b members. The key problem of establishing such a model is that the space
truss should have a high degree of regularity in the positions and sizes of its component
parts. Although such regularity is readily achieved in structures of simple geometric
forms such as flat double layer grids and barrel vaults, structures whose joints lie on a
surface of non-zero Gaussian curvature, such as a sphere, present a more difficult
problem (Butterworth 1984). In this thesis, a n e w approach to achieve an almost regular
subdivision of a curved surface and uniform w e b members is developed (Schmidt and
Li 1995a). The details of the subdivision method is described as follows.
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3.2.2.1 Mathematical M o d e l of a Pre-Defmed Surface
A space truss with a pre-defined surface is shown in Fig. 3.5. The surface can be
expressed by a general formulation (McConnel 1984)
Fs(Xs,Ys,Zs) = 0 (3.2)
in which (Xs, Ys, Zs) are coordinates of a joint on the desired surface.

Fig. 3.5 Surface and W e b Joints on a Space Truss

If the surface is meshed with regular quadrilateral grids in which every side (a
of the top chord) has the length Ls, then the subdivision of the surface becomes a
problem to seek a series of joints that are on the desired surface and have the same
distance between certain joints.

A typical surface joint K in a space truss is shown in Fig. 3.5. If the coordina
I (Xsi, Ysi, Zsi) and joint J (Xsj, Ysj , Zsj ) are known, the unknown coordinates of
joint K (Xsk, Ysk, Zsk) can be obtained by

4^-^fHYsk-YsifHZsk-Zsif^Ls (3.3)

4&* - ^

+

(^ - Ysjf+ (Z<* - Zsjf =L*
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P's(Xsk,Ysk,Zsk)=0 (3.5)

Equations 3.3 and 3.4 ensure that the distances between joints I, K and J, K are equa
Ls, respectively, and Equation 3.5 ensures that joint K (Xsk , Ysk , Zsk ) lies on the
desired surface.

In a space truss with pre-defined surface, there are always some joints whose positio
can be determined by symmetry or boundary conditions. Starting from these joints, the
positions of all the other joints can be determined by Equations 3.3 to 3.5.

If a space truss has a developable surface (e.g., barrel vaults that have zero Gaussi
curvature), the solution of Equations 3.3 to 3.5 can be readily obtained. If a space truss
has a undevelopable surface (e.g., spherical domes), the solution of Equations 3.3 to
3.5 presents a more difficult problem.

One of the methods to obtain the solution of Equations 3.3 to 3.5 is the optimization
method. The solution of Equations 3.3 to 3.5 can be expressed as a constrained
optimization problem in which the value of the objective function is near to zero when
Equations 3.3 to 3.5 obtain their solution (Schmidt and Li 1995a). The objective
function^*) can be defined as

Nsn
f(x) = E I Ji(XA - Xsi)2 + (Ysk - F,) 2 + {Zsk - Z,)2] - Ls I
k=l

+ I I,/K** "*<,)* + (4 - Ysj)2 + (Zsk -Z.)2] -Ls I (3.6)
k =l

The constraints are

Gs{Xsk,Ysk,Zsk)= 0 for k = 1, 2, , Nsn (3.7)
where NSn is the total number of unknown joints on the desired surface.
Equations 3.6 and 3.7 can be solved by a nonlinear optimization program such as that
developed by the author (Li and Ding 1990), or by a general purpose commercial
program such as Mathematica (Ellis and Lodi 1991) that has symbolic, numerical,
graphics and word processing capabilities.
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3.2.2.2 W e b Joints a n d M e m b e r s
T o achieve a high degree of regularity in the positions and sizes of all web members and
joints, all non-boundary w e b members should have the same length and the same
relative position respective their connecting surface joints.
As shown in Fig. 3.5, a web joint Kw is connected to the four surface joints SKI,
S K 2 , S K 3 and S K 4 with the four members that have the same length Lw. The position
of w e b joint Kw can be determined by
(** " XSH)

+ (Ywk - YMf + (Zwk - Zskif - Lw = 0;

for k = 1, 2, 3, 4 (3.8)
where (Xwk Ywk, Zwk) are the coordinates of the web joint Kw; (Xski, Yski, Zski), i
from 1 to 4, are the coordinates of surface joints that connect with web joint K.
The solution of Equation 3.8 can also be expressed as a constrained optimization
problem. The objective functiony^j can be defined as
AT 4

fix) = 2 X 1 V K * * - . * * ) 2 + (Ywk - Yskif + (Zwk -Zski)2]- Lw I

(3.9)

k = li = l
where Nwn is the total number of web joints in a space truss.

To keep all web joints at the same depth below the desired spherical surface, the web
joints need also to be constrained. The constraints need to be determined according to
the desired space shape of individual structures. Here, the constraints are expressed as
Gk(Xwk,Ywk,Zwk)<0; for k = l,2, , Nwn (3.10)
If the pre-defined surface is undevelopable (e.g., domes with a surface of non-zero
Gaussian curvature), the joints obtained by the previous equations m a y be not on the
desired boundary. The positions of the boundary joints can be adjusted according to the
requirement. In such a situation, the lengths of the members are not the same although
the degree of regularity in the positions and sizes of its component parts is still high
(Schmidt and Li 1995a).
The space geometric model of a space truss is established as soon as all joints and
members are determined. Based on the above coordinates of the joints, all top chords
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and web members can be automatically generated by means of a program determining
the distance between any two joints.

3.2.2.3 Planar Geometric Model
The planar geometric model of a post-tensioned and shaped space truss can be obtained
byflatteningits space geometric model. Because all non-boundary top chords have the
same regular length Ls and all non-boundary w e b members have the same regular length
Lw in the space geometric model, the layout of the central part of a space truss can be
easily obtained by changing the space surface regular quadrilateral grids into planar
square grids, and the webs into right pyramids.

When the planar coordinates of all non-boundary joints are known, the coordinates of
the boundary joints can be derived by minimizing the length difference of every
boundary member between the space and the planar geometric models. Similarly, the
coordinates of all the boundary joints can be determined by the nonlinear optimization
method described previously.

According to the planar coordinates of the joints, all members on the planar layout ca
also be automatically generated by means of a program determining the distance between
any two joints, and consequently the planar geometric model of the d o m e can be
established.

3.2.3 Finite Element Shape Formation Analysis Method
Although pure geometric analysis can give a reliable description for the planar and space
shapes of a post-tensioned and shaped space truss, it cannot provide information on the
structural behaviour during the shape formation process. Therefore, for an S S D space
truss, a finite element analysis is necessary to determine the post-tensioning forces and
the force distribution induced by the proposed post-tensioning. Also, thefiniteelement
method is used to investigate the feasibility of the proposed post-tensioning method,
i.e., whether the planar layout can be deformed to the desired space shape by a proposed
post-tensioning method. For an R L B space truss, the finite element shape formation
method is also used to predict the space shape of a given planar layout. The important
aspects for afiniteelement analysis of a post-tensioned and shaped space truss are
described as follows.

3.2.3.1 Simulation of Shape Formation Procedure
W h e n a planar layout (SCST) is given, there are usually m a n y existing mechanisms and
therefore, there are m a n y joints that can have large displacements, if the planar layout is
deformed into a curved space shape. However, according to the Maxwell criterion

49

Chapter 3 Basic Concepts of Post-Tensioned and Shaped Space Trusses

(Calladine 1978), only a few, a m o n g the joints that m a y have large displacements, are
essential to suppress the mechanisms for the required shape formation of a posttensioned and shaped space truss. This means that to any given planar layout, there are
m a n y ways of post-tensioning. F r o m them, the most appropriate one needs to be
investigated individually by a finite element analysis.

The principal problem in a finite element shape formation analysis is how to simulate t
closing of the gap bottom chords in a post-tensioned and shaped space truss. In practice,
the gap bottom chords are composed of separate steel tubes and continuous prestressing
strands. It is the continuous prestressing strands, located inside the bottom-chord tubes
and passed through the bottom joints, that facilitates the post-tensioning process. The
steel tubes are used only as rulers to control the values of gaps, and they are theoretically
stress-free, if the gaps are just closed with no prestressing force induced in them.

Two methods have been used to simulate the closing of the gap bottom chords. The first
method is that the values of the displacements of control joints (i.e., to which the gap
bottom chords will be connected) are given directly in the finite element model. In the
finite element model, the gap bottom chords are removed and the closing of gaps is
simulated with the controlled bottom joint displacements, which can be obtained from
the coordinate differences in the pre-defined space and planar geometrical models. This
method suits an S S B space trass whose planar layout and space shape are obtained by
the optimization method before the finite element analysis (Schmidt and Li 1995b).

The second method is simulated with a fictitious negative thermal load. This procedure
is equivalent to "shrinking" the gap bottom chords, and results in curvature of the top
chords and shape formation (Li and Schmidt 1997a). This method is suitable for most
situations and will be used extensively in the following shape formation analyses.

In a finite-element analysis that uses a fictitious negative temperature load to simul
closing of the gaps in the bottom chords, the value of a gap in a m e m b e r needs to be predefined. If the value of a gap in a m e m b e r is defined as AL, it should be equal to the
length change of the m e m b e r in thefinite-elementanalysis. The length change can be
written as
AL = ALT + ALF t3-11)

in which ALj. is the length change induced by temperature change, and ALF is the length
change induced by the axial force.
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From elementary physics, ALj. can be written as

ALr = ccL(T-To) „ l2)

where a is a fictitious temperature coefficient; L is the original length of a member,
is the initial temperature and Tis thefinaltemperature.

For simplicity, the initial temperature To can be defined as zero, and the temperature
coefficient a can be defined as

Then, the length change induced by temperature change AL? can be expressed only by
the final temperature Tin thefiniteelement analysis.

In the start of the analysis, the axial force is unknown. So that ALF can be initially
assumed as zero. In an all-rod element analysis, the length change of a m e m b e r is almost
the same as the length change induced by temperature change, because the axial force is
very small. In a b e a m element analysis, the value of thefinaltemperature T needs to be
adjusted based on the value of axial force obtained in the previous computer run. It
usually needs three or four iterations to reach the desired gap value.

3.2.3.2 Procedure of Finite Element Analysis
Thefiniteelement analysis commences with the initial configuration of the planar layout
in which all the top chords are horizontal. Because the deformed shape of a posttensioned and shaped space truss appears distinctive from its original shape, the posttensioning process induces large deformations and the analysis is highly nonlinear
geometrically and m a y be materially. In this thesis, only the geometrical nonlinearity is
considered because the post-tensioning is limited by the yield strength of the material of
the truss.

The first step in finite-element analysis is to establish an accurate finite-element m
for a planar layout. A n accuratefinite-elementanalysis requires a realistic representation
of practical structure geometry and loads. For the shape formation analyses undertaken
in this thesis, the space trusses arefirstintroduced to the computer program in their
original flat configuration and then, the loads are applied step by step. According to the
feature of individual structures, different models are employed in this thesis. The general
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consideration for the modelling of the post-tensioned and shaped space trusses is
described as follows.

When all the mechanisms in a planar layout are controlled in a finite-element analysis,
members in the structure can be modelled as pin-jointed rod elements. T o consider the
effects offlexuraldeformation of the top chords, they m a y be modelled as beam
elements. The w e b members and bottom chords, which almost do not undergo bending
in practice, m a y always be modelled as pin-jointed rod elements. O n e element is
considered sufficient to model any one of them. Because all the post-tensioned and
shaped space trusses are in a statical determinate or underdeterminate state, each topchord segment between panel points, each w e b m e m b e r and each bottom chord, are
modelled as one element (the increase of element number will cause a significant
increase in the joint number, and this will result in the deformed shape being non-unique
in the analysis). It seems that modelling each m e m b e r as one element can provide
satisfactory computing accuracy in the shape formation analysis.

When some of the mechanisms in a planar layout are not controlled in a finite element
analysis, all the top chords must be modelled as beam elements. If the top chords are
modelled as pin-jointed rod elements, the existing mechanisms will result in failure of
the analysis due to the non-uniqueness of the deformed shape.

For a planar layout that has concentric joints, i.e., the centroids of all the members
meeting at a joint pass through a c o m m o n point which is the centre of the joint, all the
members can be modelled as a series of straight and uniform rod or b e a m elements. For
a planar layout that has eccentric joints, e.g., all the top chords are continuous at the
joints, the eccentricity and relative rotation on a top joint need to be taken into account in
the b e a m top chord element model (the all-rod element model allows free rotations at
joints). Accordingly, this need can be achieved by adopting a "joint" element for each
such joint. T h e "joint" elements, termed here, connecting the two intersecting but out-of
-plane top chord elements, are used to simulate the nonrigid stiffness of the two top
chord connections. The axialrigidityandflexuralrigidityof a "joint" element is defined
to be essentially rigid, but the rotational stiffness is defined to be the same as the
rotational stiffness of the top chords. The length of a "joint" element is defined as the
distance between the two centre lines of the orthogonal top chords.

In the practical planar layout, flexure of the top chords, self-weight and friction in j
and between the sliding supports (joints) and ground form the resistance to posttensioning. Because of the difficulty in determining the value of friction, its effect is
neglected in the finite element analysis. The first load set considered is the truss self-
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weight. The second load set considered is the temperature loads applied to the bottom
joints that connect gap bottom chords, based on the values of the initially assumed gaps.
3.2.3.3 Space Shape of Finite Element Analysis
For an S S B space truss, the space shape obtained from a finite element analysis is the
same as the space geometrical model obtained by the optimization method. For an R L B
space truss, the space shape can be selected from a series of deformed shapes given by
thefiniteelement analysis. If the values of the assumed gaps are large enough, e.g.,
enough to induce yielding of the top chords, thefiniteelement analysis can furnish a
series of deformed shapes of the planar layout, from the initial one to the ultimate
deformed shape. If a criterion for determining thefinalspace shape of a space truss is
adopted, the criterion can be used to select a suitable deformed shape as thefinalspace
shape from the existing series of deformed shapes. Depending on the designer, the
criterion and its justification need to be considered individually. It m a y be the height or
span of the space truss, the strength of the top chords or w e b members, or any other
conditions. However, n o matter what criterion is used, the magnitudes of the posttensioning forces must be practicable, and the chosen post-tensioning method must
furnish the correctfinalprofile and curvature distribution in the top chords. The validity
of, and justification for, the post-tensioning method are discussed in the following
relevant Chapters.

The finite element analysis can give a reliable description for the space shape of most
investigated space trusses. The accuracy of the finite element analysis in the description
for the space shape has been verified by the satisfactory agreement between the
theoretical and experiment results in several test models (Schmidt et al. 1996a,
Dehdashti and Schmidt 1996b).

3.3 ULTIMATE LOAD ANALYSIS OF POST-TENSIONED AND
SHAPED SPACE TRUSSES

3.3.1 Characteristics of Post-Tensioned and Shaped Space Tru
The post-tensioned and shaped trusses are subjected to different loading and restraint
conditions in the shape formation and vertical loading stages. Therefore, their structural
behaviour and force distribution are different from those which would have resulted had
the structure been built in-position in its final shape.

During the shape formation stage, the structural behaviour of a post-tensioned and
shaped space truss is principally geometrical nonlinear. This is because the structure
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involves mechanisms or near-mechanisms in the initial stage, and the post-tensioning
forces are relatively small. During the ultimate load stage, the structural behavior of a
post-tensioned and shaped space truss is both material and geometric nonlinear, because
the structure becomes statically determinate or indeterminate after the sliding support
joints are fixed into position.

A perfect ultimate load analysis should start from the initial flat shape of a post-ten
and shaped truss. However, this is difficult to achieve in practical analysis. Because the
existence of mechanisms in the planar layout, none of the pin-jointed rod element
models or the b e a m top chord element models could give a reliable prediction for the
practical post-tensioning forces and axial forces (Schmidt et al. 1996b). Obviously,
without reliable axial forces in the shape formation analysis, the ultimate load analysis
cannot start from the initial planar configuration of a post-tensioned and shaped space
truss.

All the ultimate load analyses carried in this thesis commence from the space shape of
the post-tensioned and shaped space trusses. T o obtain a better prediction for the
ultimate load structural behaviour of a post-tensioned and shaped space truss, the
prestress forces in members induced during the shape formation procedure, and the
structural behaviour of combined tube-cable bottom chords are incorporated into the
ultimate load analyses.

In the ultimate load analyses carried in this thesis, all members in post-tensioned and
shaped space trusses are modelled as pin-jointed rod elements because the structure has
become a stable space trass after the mechanisms are eliminated by the additional
members and/or supports. The all-rod element model is in agreement with the test results
in which the failure of the trasses are principally caused by the buckling of the members
(Schmidt et al. 1996b). Also, this is in agreement with the practical design codes used
over the world (Couco 1981).

3.3.2 Structural Behaviour of Individual Members
In an ideal structure, a trass m e m b e r is defined as the line joining the original positions
of the joints of the m e m b e r , and the structural behaviour of the m e m b e r is ideally elasticplastic material. However, due to geometrical and mechanical imperfections, plastic
deformations, details andrigidityof joints, the load carrying capacity and stiffness of a
m e m b e r m a y reduced. The difference between an ideal trass m e m b e r and an practical
truss m e m b e r is usually described by geometrical and mechanical imperfections of a
truss m e m b e r (Smith 1984, Gioncu 1995).
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3.3.2.1 Pre-Buckling Behaviour
The reasons causing geometrical imperfections of an truss m e m b e r include initial lack of
straightness, accidental eccentricities and deviations of the joints from the ideal
geometry. T h e reasons causing material imperfections of an trass m e m b e r include
residual stress, lateral forces, and additional forces due to lack offit.T o consider the
effects of geometrical and material imperfections, m a n y methods are developed. Here
are two of them.

Material Imperfections
Residual stress is the principal reason to cause material imperfections of an truss
member. T h e axial stiffness of ideal steel members is reduced w h e n m e m b e r fibers
prematurely yield due to the presence of residual stress. The reduction in stiffness can be
measured using the tangent modulus of elasticity Et for hot rolled structural steel
members (Chajes 1975)

Et=rE (3.14)
in which
r = l whena<l-y (3.15)
T = A /(l-/)/a

whena>l-y

(3.16)

and Eis the modulus of elasticity of unyielded fibers; y is the ratio of the axial force t
the full yield force; and a is the ratio of the m a x i m u m residual stress to the yield stress.
The relationship is valid for sections with linear residual stress distributions. Similar
relationships can be developed for other residual stress distributions. However,
Equation 3.16 is generally conservative (Smith 1984).

For a straight member in compression, instability can occur when the axial force reaches
the tangent modulus buckling force of the member. A slight lateral perturbation of the
m e m b e r at this force will allow it to shorten for no change in force and the m e m b e r then
has n o effective axial stiffness. The pre-buckling response of a straight steel m e m b e r
will initially be linearly elastic until elastic buckling occurs or until yielding initiates
because of residual stresses. In the case of elastic buckling occurring, the m e m b e r will
have n o axial stiffness or other material imperfections. In the case of yielding initially,
the stiffness will decline as the load is increased up to the tangent modulus buckling load
w h e n the m e m b e r will have little axial stiffness. Relationships similar to Equation 3.16
can be developed for members subject to cold working (Smith 1984).
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Geometric Imperfections in M e m b e r s
Alternatively, a trass member can be considered to have geometric imperfections such as
an initial curvature. Rosen and Schmit (1979) described the behavior of a truss member
with an initial half wave sinusoidal curvature as shown in Fig. 3.6 and given by

v0 = e0 sin

(3.17)

Fig. 3.6 Pre-Yield and Pre-Buckling Nonlinear M o d e l of a Truss M e m b e r

in which v0 is initial deviation of member from the chord line; e0 is midspan amplitu
of v0; x is coordinate along the chord line; and L is length of the member chord line.
The total axial deflection u was given by Rosen and Schmit (1979) as

u

PL
AE

(3.18)

4{r) (1 + p)2

in which A is cross section area; r is radius of gyration of the section; and p is a stability
ratio of the axial force P to the Euler load PE, which can be written as
K2E1

(3.19)

E ~ i'-'

The stability ratio is positive when the axial force is tensile. Thus the effective stiffness
of the member changes with the initial curvature and the stability ratio.

An expression similar to Equation 3.18 can be derived for an initially perfectly str
strut, but loaded with equal eccentricities <?0 at the member ends
4.2/
PL
1
u = AE l + i ( * COS fl
4lr,

3 tun fl
rl J A
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in which

H = ^-fp^

(3.21)

Both models in Equations 3.18 to 3.20 can be extended to the range of nonlinear
inelastic behavior by assuming that the unyielded section is uniform along the member
length and using the tangent modulus of elasticity in place of E and in the evaluation of
the stability ratio p.

The model described previously is similar to that used by Kahn and Hanson (1976), and
Higginbotham and Hanson (1976) and agrees with their experimental results. A more
sophisticated model of member pre-buckling behavior accounting for the initial
imperfections of residual stress and lack of straightness can be made using a finite
segment approach (Chen and Atsuta 1976). However, the cost of a space trass ultimate
load analysis in which each member is modeled using finite segments is currently
prohibitively expensive (Smith 1984).
3.3.2.2 Post-Buckling Behaviour
W h e n sufficient axial force is applied to the member,foilyielding will occur at one cross
section. For a member in tension, the member can elongate for no change in force until
the onset of strain hardening. For a member in compression, thefoilyield will occur at
midlength, forming a plastic hinge at that point. The full plastic moment of resistance
will not be developed because some of thefibersare required to mamtain equilibrium
with the axial force, however, the reduced moment of resistance will be approximately
constant and thus, if further axial shortening is to occur, the axial force must reduce so
that equilibrium can be maintained.

Fig. 3.7 Post-Buckling Nonlinear M o d e l of a Truss M e m b e r
The end axial displacement u shown in Fig. 3.7 has components due to the rigid body
motion, axial and flexural effects. Equilibrium requires that
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Pep=Mp

(3. 22)

in which P is axial force; ep is transverse displacement from the chord line at the plastic
hinge; and Mp

is net plastic moment of resistance. Smith (1984) has shown that the

displacement u can be given as
PL
cos2 0

u = L(l- cos 6) +

(3.23)

AE
in which the end rotation angle 0 of the m e m b e r is

9 = sin-i

(3.24)

PL

Alternatively, a further simplified member model can be used which assumes linear
elastic behavior up to a m a x i m u m force given by empirical formulas, constant force
behavior until a plastic hinge is formed, and finally, post-buckling softening behavior.
The empirical equations that might be used for hot rolled steel for example could be the
Structural Stability Research Council (SSRC) equations (Johnson 1976), or the
European Convention for Construction Steelwork (ECCS) equations (Beer and Schultz
1970). A typical structural behavior of a member in a space truss is shown in Fig. 3.8
based on the description given in Equations 3.14 to 3.24.
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Fig. 3.8 Nonlinear Structural Response of a Typical Truss M e m b e r
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Although the structural behaviour of a truss member given in Equations 3.14 to 3.24 is
theoretical, the values of some parameters still need to be determined by test. In the finite
element analyses of ultimate load capacity carried out here, the structural responses of
the truss members are obtained directly from individual member tests, which include
both material and geometrical imperfections.

3.3.2.3 Linearization Methods
In 1973, W o l f described an analysis of a large space trass. The analysis was nonlinear,
accounting for the nonlinear post-buckling behavior of the members as described by
Bleich in 1952, and used the "initial stress" method presented by Zienkiewicz in 1969.
Most researchers since then have used a similar approach to that used by Wolf (1973),
some simplifying the m e m b e r response (Schmidt et al. 1976), and others increasing the
sophistication of the m e m b e r response (Rosen and Schmit 1979, Smith and Epstein
1980). All methods have c o m m o n computational features, namely the member
responses are linearized, the solution procedures are iterative, and either modify the
structure system stiffness matrix or use the initial system stiffness matrix.

Axial Deflection

Fig. 3.9 Structural Response a n d Linearization of a Truss M e m b e r

In the finite element analyses of ultimate load capacity carried out here, all the structural
responses of the critical members are obtained by individual member tests (assuming
pin-connected members) and linearized with the piecewise linearization method (Schmidt
et al. 1976, Schmidt and Gregg 1980). Fig. 3.9 shows the structural response and the
linearization method for a typical truss m e m b e r in the test models employed in this
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thesis. The linearization assumes that the member has a constant stiffness before it
reaches the buckling loadP B . After the buckling load, the m e m b e r can have zero or
negative stiffness, dependent upon the test jesults. If zero stiffness is assumed, the
m e m b e r collapses at the buckling load and thereafter exerts a constant force. Otherwise,
the members soften and have negative stiffness in the post-buckling range. This model
is applicable for axial shortening of members up to approximately 5% of their length
(Schmidt et al. 1976), w h e n the strain softening response is gentle. Such a linearization
of m e m b e r behaviour has been used in other analyses and has led to satisfactory results
(Smith 1984).

3.3.3 Prestress Forces in Post-Tensioned and Shaped Space Trusses
During the shape formation stage, prestress forces m a y be developed in members.
Generally speaking, the magnitude of the prestress forces are small, because the planar
layout involves a mechanism or near-mechanism condition, and the post-tensioning
forces are relatively small. In the as-shaped condition and during the vertical loading
stage, the initial forces in most members can be neglected, because the axial forces in
these members are small compared with their elastic strength. However, for the critical
members (the members that reach the yielding or buckling load in the vertical loading
stage), the prestress forces cannot be neglected, because they have a significant effect on
the ultimate load and structural behaviour of a structure (Schmidt et al. 1996b). T o
account for the effect of prestress forces induced during the shape formation procedure,
two methods can be employed in the ultimate load analysis.

One approach is to create the effect of the initial prestress forces by a fictitious
temperature load in thefiniteelement model of the ultimate load analysis (Schmidt et al.
1996b). The critical members that have prestress forces, and the members that have
developed significant prestress forces during the shape formation procedure, are given a
fictitious temperature load in thefinalspace shape of the truss. It should be noted that
the magnitudes of the fictitious temperature load and the thermal coefficients of the
selected members m a y differ from those used in the shape formation analysis, because
the selected members m a y have not been given a thermal coefficient in the shape
formation analysis. T h efictitioustemperature load and the thermal coefficients need to
be determined by a linear analysis based on a trial-and-error method. W h e n the axial
force in every selected m e m b e r reaches its value developed in the shape formation
analysis (or test, if applicable), the values of thefictitioustemperature load and the
thermal coefficients of the members can be obtained.

In the ultimate load nonlinear analysis, the fictitious temperature load, together with
external load is applied to the structure. It should be noted that the axial forces given by
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such a nonlinear analysis are not in complete agreement with the test values, except for
the axial forces in the selected members whose prestress forces are considered in the
nonlinear analysis. T o ensure the prestress forces in the selected members developed by
the given fictitious temperature load are the same as those developed in the shape
formation procedure, the axial forces in other members developed by the given fictitious
temperature load m a y differ from those developed in the test post-tensioned and shaped
space truss. A s a result, the axial forces in the other members given by the nonlinear
analysis are different from their values obtained by the ultimate load test. However,
because the prestress forces developed by the fictitious temperature load are small, and
the axial forces in these members are still within the elastic range (otherwise they should
be regarded as critical members) w h e n the structure reaches its ultimate load, the
differences in the practical and the theoretical (given by the fictitious temperature load)
prestress forces can be neglected, or the prestress forces in the non-selected members
can be regarded as zero (Schmidt et al. 1996b).
Also, it should be noted that the resulting deformations differ from the test values,
because thefictitioustemperature load has caused additional deformations which do not
exist in the test truss at the start of the ultimate load test. In the practical post-tensioned
and shaped space truss, any prestress forces induced during the shape formation
procedure develop no deformations in the ultimate load test (because the prestress forces
have been used to form the space shape, and the ultimate load test commences from the
deformed space shape). Therefore, the deformations caused by thefictitiousthermal
load need to be subtracted from the results of the nonlinearfiniteelement analysis. The
values of the theoretical deformations caused by the additionalfictitioustemperature load
can be found in the results of the previous linear analysis (Schmidt et al. 1996b).

An alternative approach is to consider the prestress force by a shift of origin of the
structural response of the critical members. A s shown in Fig. 3.10, the lower coordinate
system is used to describe the structural behaviour of the critical m e m b e r that has no
prestress (it is the same as that shown in Fig. 3.9). T h e upper coordinate system is used
to describe the structural behaviour of the critical m e m b e r with a compressive prestress
force. It is obtained b y moving the original coordinate system vertically to the position
of P0 (the value of the prestress force in the member), and then moving it horizontally to
the point where the vertical axis interacts with the structural curve. The point is defined
as the origin of the n e w coordinate system to describe the structural behaviour of the
critical m e m b e r with prestress. Under such a coordinate system, the structural behaviour
of the critical m e m b e r shown in Fig. 3.10 can be described as follows: the load capacity
increases linearly up to the n e w buckling load PB - P0, whereupon the m e m b e r collapses
and exerts a negative stiffness (Li and Schmidt 1996b).
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Fig. 3.10 Structural Response of a Prestressed Member
If the prestress force in a critical member is tensile, the prestress force can also be
considered by a shift of origin of the structural response of the of the critical member.
However, the structural behaviour of the critical member is in the upper coordinate
system, and the structural behaviour of the critical m e m b e r that has tensile prestress
force is in the lower coordinate system. The structural behaviour of the critical member
that has tensile prestress force can be described as follows: the load capacity increases
linearly up to the n e w buckling load PB + P0, whereupon the m e m b e r collapses and
thereafter exerts a negative stiffness.

In shift of origin of the structural response of the of the critical member it is assumed
that the structural behaviour of the whole structure and its members are linear. The
advantage of this method lies in its ease of application. With the n e w coordinate system
the theoretical deformations are the same as the test values because the theoretical
prestress forces are the same as the practical ones.
D u e to the large number of members in a post-tensioned and shaped space truss, it m a y
be difficult to predict the critical members. Thus, a linear analysis is needed to choose
these critical members under a given load condition. If the critical members have
prestress forces, the forces can be introduced into the ultimate load analysis by either of
the above two methods.
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3.3.4 Structural Behaviour of Combined Cable-Tube Members
The bottom chords of all the post-tensioned and shaped space trasses discussed in this
thesis are combined tube-cable members made of steel tubes and a tensile strand inside
the tubes. The structural behaviour of such a combined tube-cable m e m b e r is different
from that of a cable or a tube.

During the shape formation process, all short steel tubes in the experimental models
(e.g., the active diagonal in the hypar space truss) are theoretically stress-free (they are
used initially as gap-rulers). Other steel tubes (e.g., the edge bottom chords in the hypar
space truss) are in compression (they have compressive prestress forces applied by
directly tensioning the cables, and are also developed during the shape formation
process). The cables are always subject to tension. Because the axial forces developed
during the shape formation stage are too small to change the length of a cable or a tube,
the combined tube-cable members can be regarded as either a cable or a tube in the shape
formation analysis without affecting the space shape of a structure. During the
application of external load, the structural behaviour of a combined tube-cable member
m a y experience significant changes due to the change of the axial force acting on it.
Because the structural behaviours of the combined tube-cable members affect the overall
structural behaviour of the structures, they need to be accounted for in the ultimate load
analysis.

3.3.4.1 Compressive Bottom Chords
During the ultimate load stage, some bottom chords in post-tensioned and shaped space
trasses m a y be in compression. For a combined tube-cable member in compression,
instability can occur w h e n the axial force reaches the buckling load of the steel tube,
because the cable cannot carry compressive force. Therefore, the force-deformation
response of a combined tube-cable m e m b e r in compression should be the same as that of
the steel tube. In such a situation, the structural behaviour of the combined tube-cable
m e m b e r can directly follow that of the steel tube in the ultimate load analysis (Li and
Schmidt 1997b).

Although the short steel tubes on the bottom chords should be stress-free in theory, th
m a y be in compression in the practical models, due to geometrical imperfections and
operation errors (i.e., the post-tensioning force m a y be larger than that required to close
the gap) during the shape formation stage. T o account for the effect of prestress force on
the ultimate load capacity, the prestress forces caused during the shape formation stage
can be directly taken off from the structural response of the tube members, as described
previously and shown in Fig. 3.10.
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3.3.4.2 Tensile B o t t o m

Chords

W h e n certain bottom chords are in tension, they m a y loosen w h e n the vertical load
reaches a certain value during the ultimate load stage. The loosening is due to the
compressive prestress forces in the bottom chords, induced by the post-tensioning
process, being offset as the tensile forces increase in the bottom chords during the
loading stage. W h e n the external load causes the compressive force in the tubular bottom
chords to be reduced to zero, the resulting tensile forces are totally carried by the high
tensile strands on the tube centreline. A s a result, an apparent loss of overall stiffness of
a space trass can be noted.

The loosening of some bottom chords demonstrates that the structural behaviour of a
combined tube-cable m e m b e r in tension depends on the axial force acting on it, and the
prestress force induced during the shape formation procedure. W h e n the external load is
less than the prestress force, the structural behaviour of the combined tube-cable
m e m b e r is determined by both the tube and cable. W h e n the external load is larger than
the prestress force, the structural behaviour of the combined tube-cable m e m b e r is
determined by the cable, because the tube cannot carry tensile load. D u e to the large
difference in cross-section areas, the same length tube and cable members m a y have a
large difference in axial deflections under the action of the same axial force. A s a result,
the structural behaviour of a combined tube-cable member in tension m a y have a
significant change during the loading process (Schmidt et al. 1996b).
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Fig. 3.11 A Combined Tube-Cable Member in Tension
To obtain the structural behaviour of a combined tube-cable member in tension, the
structural behaviors of the tube and cable need to be described first. A combined tubecable m e m b e r in tension is shown in Fig. 3.11, in which P0 is the prestress force and P
is the external force. If the deflections of both the tube and cable members are within the
elastic range, the axial deflection of the steel tube, ST, can be written as

(3.25)

ST = JJAL
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in which PT is the tensile axial force acting on the tube, L is the length, A

is the cross-

section area, a n d i ^ is Young's modulus of the steel tube.
The axial deflection of the steel cable, Sc, can be written as

£ *C

c=

<3-26)

TE~

in which Pc is a tensile axial force acting on the cable, Ac is the cross-section area,
and£" c is Young's modulus of the cable.

Under the action of the tensile axial force P, the axial deflections in the steel tube an
cable should be equal before the steel tube and cable separate. This results

8T=SC (3.27)
The axial forces shared by the steel tube and cable are respectively,

PT=

^

P

(3.28)

P

(3.29)

£\rrC^-ji "I" ±\.fiHis*i

and
Pc =

^

W h e n P r = P0, the compressive prestress force in the steel tube is offset. At this axial
deflection, the cable and the tube are separated. If the external force that causes the
separation is defined asP5, it can be written as

Ps =

ATE +AcECp^

(33Q)

The axial deflection of the combined tube-cable m e m b e r under the action of axial force Ps
is

8s = -^£-

(3.31)

iXfT* J—t"T*
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If the external force P is greater than the separation force Ps, P -Ps is carried only by the
cable. Therefore, the axial deflection of the combined tube-cable member is then the
same as that of the cable.
Due to the large difference between theoretical and experimental structural
the truss members (Smith 1984), it is often necessary to incorporate the experimental
structural behaviours into the finite element analyses. In the following Chapters, the
structural behaviours for the tubes and cable in the bottom chords are obtained from
individual member tests.

Combined Tube-Cable

Axial Deflection
Fig. 3.12 Force-Deflection Relationship of a Combined Tube-Cable
Member

If the axial force-deflection relationships for a tube and a cable are known
force-deflection relationship for a combined tube-cable member can be plotted as in Fig.
3.12, in which Ps is the separation force.
The axial force-deflection curve shown in Fig. 3.12 can be transformed to a stress-strain
curve as shown in Fig. 3.13. If the cross-section area of the combined tube-cable
member is defined as AT+AC,

then the equivalent modulus of a combined tube-cable

member, EE, can be written as
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£~Xrr'£j'p ~t" /\/~* Hi f*.

EE

=

in the range 0 < P < Ps

(3.32)

in the range P > Ps,

(3.33)
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Fig. 3.13 Structural Response of a C o m b i n e d Tube-Cable M e m b e r

Because of the small difference in the Young's modulus of the steel tube and cable
members, the actual meaning of the equivalent modulus is to express the large difference
between the cross-section areas of the tube and cable members, and also, the large
difference between the axial stiffness of the tube and cable members.

The proposed equivalent modulus represents the axial force dependent cross-section ar
change of a combined tube-cable member during thefiniteelement analysis process. In
mostfiniteelement programs, the cross-section area of an element is given in the input
file and is unchangeable during analysis process. The proposed equivalent modulus can
effectively describe the nature of a combined tube-cable member and is easy to apply, as
can be seen in the following section.

If the prestress force P0 is small, the equivalent modulus of a combined tube-cable
m e m b e r is almost the same as that of the cable. In this situation, the combined tube-cable
m e m b e r can be treated as a cable (Li and Schmidt 1996b).

67

Chapter 3 Basic Concepts of Post-Tensioned and Shaped Space Trusses

3.3.5 Solution Procedures
T w o schemes are generally used in an ultimate load finite element analysis: a load
increment scheme and a displacement increment scheme. In a load increment scheme,
the structure is analyzed with a suitable load increment. Providing the load increments
sufficiently small, the stiffness change in the members which have reached yield or
buckling load can be efficiently treated. The load m a y be incremented until the ultimate
load is reached. The advantage of a load incrementing scheme is its ease to apply and the
disadvantage is that it cannot give the post-ultimate load behaviour.

In a displacement increment scheme, the joints are given pre-defined displacements that
represent the vertical loads. In a displacement increment scheme, a suitable displacement
increment is chosen and is applied until and beyond the ultimate load. Providing the
displacement increment is sufficiently small, all the significant changes in pre-ultimate
and post-ultimate load behaviour can be obtained.
In this thesis, both the load increment scheme and displacement increment scheme are
used. The load increment scheme is used to obtain the structural behaviour before a
structure reaches its ultimate load, and the displacement increment scheme is used to
obtain the post-ultimate load behaviour.

3.4 SUMMARY
This chapter deals with the basic concepts of post-tensioned and shaped space trusses,
covering the physical aspects and the abstract models that are suitable for geometric and
finite element analyses of the structures. First, the essential aspects that lead to the
shape formation and self-erection of post-tensioned and shaped structures are
introduced. Second, the shape formation analysis methods are discussed. Finally, the
ultimate load analysis methods, incorporated the structural behaviour and prestress
forces, are described. In the finite element analyses, the geometric nonlinearity of the
structural behavior is taken into account directly, and the material nonlinearity is taken
into account indirectly through the use of appropriate force-displacement relationships
for the members.
This chapter provides the theoretical fundament for the studies carried out in the
following chapters. All of the theoretical and experimental models used in this thesis are
established according to the basic concepts described in this chapter.
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CHAPTER 4

POST-TENSIONED AND SHAPE
HYPAR SPACE TRUSSES

This chapter principally concerns the studies on post-tensioned and shaped hypar spa
trusses. The main objective of the shape formation study is to investigate h o w a square
planar layout can be shaped into a hypar space truss by post-tensioning only the shorter
bottom chords on one diagonal of the planar layout. After theoretical analysis, an
experimental test hypar space truss is formed, and is loaded to failure in order to
observe its ultimate load behavior. Finally, the finite element analyses that correlate
experimental forces in individual members, and prestress forces caused by posttensioning, have been made to predict the ultimate load.

4.1 BASIC MODEL AND MODIFICATION FOR PLANAR LAYOUT OF
HYPAR SPACE TRUSSES

4.1.1 Basic Model for Planar Layout of Hypar Space Trusse
A post-tensioned and shaped hypar space truss m a y be Space-Shape-Based (SSB), i.e.,
first defining a classical geometric space shape and then obtaining a non-regular planar
layout. However, it is found that there are two disadvantages in an S S B hypar space
truss. First, in most cases where the space shape is predetermined, the planar layout
becomes non-regular, i.e., the top chords and web members lose their regularity in size
and position. Second, more than one diagonal in the planar layout m a y need to be posttensioned to form a predetermined shape. In view of economy of construction, such an
S S B hypar is inferior to a Regular-Layout-Based (RLB) hypar formed by posttensioning only one diagonal of a regular square layout, which has regular lengths both
in top chords and w e b members (Li and Schmidt 1996a). Therefore, in this thesis,
attention is directed to form an R L B hypar space truss by post-tensioning only one
diagonal of a regular square layout.
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The basic model for the planar layout of an RLB hypar space truss is a regular squar
Single Chorded Space Truss (SCST), a truss with a single layer of chords, together
with out-of-plane w e b members, as shown in Fig. 4.1. The regular square S C S T
consists of n X n pyramids (n is the number of columns or rows of pyramids).
Considering symmetry, an even value of n is preferred. In the planar layout, all top
chords have the same length, and all w e b members are of equal length, but different
from the top chords.

The proposed post-tensioning method is to form a hypar surface with both positive a
negative Gaussian curvatures by tensioning only one diagonal of the planar layout. The
bottom chords (indicated as thick lines in Fig. 4.1) on the active diagonal (the posttensioned diagonal) are given gaps in proportion to the desiredfinalshape. Evidently,
the positive Gaussian curvature in the active diagonal can be readily obtained by closing
the gaps in the bottom chords. However, to form a negative Gaussian curvature along
the positive diagonal (the diagonal has no bottom chords), the planar layout needs to be
adjusted so that the square edges are stiffened against flexure. Here the edge bottom
joints are connected with zero-gap bottom chords (Fig. 4.1). W h e n the active diagonal is
tensioned and curved to form positive curvature, the planar layout is unable to remain
straight along its positive diagonal, due to the existence of the edge bottom chords, and
has to curve in the opposite direction. Therefore, the hypar surface achieves positive and
negative curvatures along its two orthogonal diagonals.

4.1.2 Modification for Planar Layout of Hypar Space Trusses
With the above model for a planar layout, it was found from previous experiments that
the curvatures along the diagonals of the formed hypar were not smooth, i.e., the
deformed structure did not have a true hypar surface. Also, the post-tensioning force
required to close the gaps was large (Dehdashti and Schmidt 1995a).

The reason for the above problems is there are fewer mechanisms in the planar layout
than the number required for closing all the active diagonal gaps, when all the edge
bottom joints are connected with zero-gap bottom chords. Using the same notation as in
Equation 3.1, the total number of members in an n X n planar layout shown in Fig. 4.1,
without the active diagonal bottom chords, is
b = 6n(n + l)-4 (4.1)
The total number of joints is

j = 2n(n + l) + l (4.2)
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According to a generalized Maxwell criterion (Calladine 1978), the degree of statica
indeterminacy is
R = b-(3j-r) = r-7

(43)~

During the shape formation process, the rigid body movements of the structure need t
be constrained. According to Equation 3.1, the number of mechanisms is M = 1 (R = 1, as the number of prestress states S = 0), if the 6 rigid body movements are restrained
(r = 6). Because there are (n -1) active diagonal gaps needing to be closed, it is evident
the existing single mechanism is not enough. A s a result, the planar layout cannot be
deformed to a true hypar surface with a relatively small post-tensioning force.

To provide the other (n - 2) mechanisms, one of the efficient ways is to remove the
inside w e b member of (n - 2) active diagonal pyramids (except the middle two, as
shown in Fig. 4. Id), according to a finite element analysis. It is confirmed by
experiment that a feasible planar layout for a hypar space trass is a square S C S T whose
peripheral bottom joints are connected with zero-gap bottom chords, and whose (n - 2)
relative inside active diagonal web members are removed. With such a planar layout, the
shape formation and self-erection procedure of a hypar space trass can be completed by
post-tensioning and closing only the in-I) gaps on the active diagonal (Li and Schmidt
1997a).

4.2 SHAPE FORMATION ANALYSIS OF HYPAR SPACE TRUSS
4.2.1 Planar Layout of Test Hypar
The proposed planar layout for the test hypar is shown in Fig. 4.2. It consists of 14
continuous top chords and 36 pyramids (n = 6). The continuous top chords of this
hypar have the same length of 3120 m m (i.e., the length of every segment is 520 m m ) ,
and the w e b members have the same length of 525 m m . The top chords are made of 13
x 13 x 1.8 m m square hollow section (SHS) steel tubes, while the w e b members are
made of 13.5 X 2.3 m m circular hollow section (CHS) steel tubes. The properties of the
steel are as follows: Young's modulus E = 200 GPa, Poisson's ratio v = 0.3. Both top
chords and w e b members are of nominal strength Grade 350 (oy = 350 M P a ) steel.

In the initial layout of the hypar, the total number of zero-gap chords and members
250; the total number of joints j is 85 (49 top surface joints and 36 bottom joints).
Assuming the number of restraints r is 6, and substituting these values into Equation 3.
1, it is found that Af = 5 (R = -5) before the post-tensioning operation (as S = 0). This

72

Chapter 4 Post-Tensioned and Shaped Hypar Space Trusses

result means that the structure includesfiveindependent mechanisms, and therefore five
gaps need to be closed by the post-tensioning operation.
6 @ 520.0 = 3120.0 m m

*V

(a) Top View

6 @ 735.4 =4412.4 m m

(b) Section A-A
Fig. 4.2 Planar Layout ( S C S T ) Dimensions of Test H y p a r Truss
After post-tensioning, five diagonal bottom chords were added to the planar layout as
indicated in Fig. 4.2. The total number of chords and members b becomes 255 while the
total number of joints j remains 85. In this case, R = 0, and S = 0. This means the hypar
is just statically determinate, if the 6 rigid body movements are restrained (r = 6). The
above results indicates that the proposed post-tensioning method satisfies the mechanism
condition (Schmidt and Li 1995a).
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4.2.2 Finite Element Model
With the proposed post-tensioning method that only post-tensions the bottom chords on
the active diagonal, the space shape of the other parts of the planar layout, e.g., the
positive diagonal, is deformed by the active diagonal. A finite element analysis is
necessary to determine the space shape of an R L B hypar space trass. The finite element
analysis is used for two purposes: to predict thefinalspace shape, and to investigate the
feasibility of the proposed post-tensioning method. Because the deformed shape of the
post-tensioned and shaped hypar is different from its original flat geometry, the shape
formation process induces large deformations, and the analysis is nonlinear
geometrically and m a y also be materially nonlinear.

To consider the nonlinearity of the structural behaviour during shape formation, the
program M S C / N A S T R A N (1995) is employed. The analysis commences with the initial
configuration of a planar layout in which all the top chords are horizontal. In the finite
element model, the orthogonal top chords, which are continuous and are laid over each
other in the test model, are modelled as a series of straight and uniform beam elements
due to their continuity. The w e b members and edge bottom chords, which undergo little
bending in practice, are modelled with pin-jointed rod elements.

49

42

35

28

21

14

7

Fig. 4.3 Positions of Joints in the Finite Element M o d e l of H y p a r Truss

To consider the eccentricity of the top joints in the finite-element model, a "joint"
element (the R B E element in M S C / N A S T R A N ) is adopted for each such top joint. The
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"joint" elements connecting the two intersecting chord elements, are used to simulate t
nonrigid stiffness of the two chord connections. The axialrigidityandflexuralstiffness
of a "joint" elemenUs defined to be essentially rigid, but the rotational stiffness is
defined to be the same as theflexuralstiffness of the beam elements. The length of a
"joint" element is defined as the distance between the two centre lines of the orthogonal
chords; here it is 13 m m . Fig. 4.3 gives the positions of joints in the finite element
model (top joints 101 to 149, which have the same horizontal coordinates but different
vertical coordinates with top joints 1 to 49, are omitted). There are a total of 135 joints,
84 b e a m elements, 165 rod elements and 49 R B E ("joint") elements in this model.

As indicated in Section 3.2, one problem in the shape formation analysis is how to
simulate the closing of the gaps in bottom chords. Here, the closing of the gaps is
simulated with a uniform negative temperature load of -16.8 ° C at the bottom joints, and
different thermal coefficients in the active diagonal bottom chords. The thermal
coefficients for the active bottom chords, as listed in Table 4.1, are given in proportion
to the values of gaps chosen to form a hyperbolic shape. The temperature load is divided
into 50 load steps. T o consider the large displacement effects, an approximate updated
Lagrangian method is employed in M S C / N A S T R A N (1995). The referential geometry
in the updated Lagrangian method is brought up-to-date at every incremental step up to
convergence, but is unchanged during the iterative process.

Table 4.1 G a p s a n d Thermal Coefficients of G a p - M e m b e r s in H y p a r Truss

Ll

L2

L3

Original Length ( m m )

735.4

735.4

735.4

Value of Gap ( m m )

16.8

29.9

25.5

1.36

2.42

2.06

Thermal Coefficient (x 10 "3)

Note: T h e positions of the m e m b e r s are s h o w n in Fig. 4.2.

4.2.3 Results of S h a p e Formation Analysis
S o m e deformed shapes of Sections A - A and B - B in Fig. 4.2 at different load steps
according to the shape formation analysis are given in Figs. 4.4 and 4.5, in which the
grey lines indicate the initial shape and the black lines indicate the deformed shape.
Because the m a x i m u m elementflexuralstress in the top chords is 214 M P a (within the
yield strength of material) at the last load step (step 50), the pre-defined gaps are
acceptable. .Also, the post-tensioning force that closes the set offivegaps is 14.7 k N in
load step 50. T h e above results indicate that the proposed post-tensioning method is
feasible. Therefore, the deformed shape of load step 50 is selected as the final shape of
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(a) Step 17

(b) Step 33

(c) Step 50
Fig. 4.4 Deformed Shapes of Active Diagonal at Different Load Steps

(a) Step 17

(b) Step 33

(c) Step 50
Fig. 4.5 Deformed Shapes of Positive Diagonal at Different Load Steps
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the experimental hypar. The details of the finite element analysis results will be
described and compared with the experimental results in Section 4.4.

4.3 SHAPE FORMATION TEST OF HYPAR SPACE TRUSS
4.3.1 Experiment Model
The experimental model for the hypar planar layout, based on the dimensions of Fig.
4.2, is shown in Fig. 4.6. The planar layout was assembled on thefloorfrom a singlelayer mesh grid of top chords and pyramidal units of web members. The planar layout
consisted two elements: continuous top chords and pyramidal units. All of the
continuous top chords of the hypar had the same length of 3120 m m . O n e series of
continuous chords was placed at right angles to the other continuous series, and bolted
together with 6 m m high tensile cap screws as shown in Fig. 4.7, in order to form a

Fig. 4.6 Planar Layout of Test H y p a r Space Truss

Fig. 4.7 A T o p Joint in Test H y p a r Space Truss
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square mesh. The pyramidal unit was formed by welding four (or three) appropriately
positioned web members to a common bottom joint as shown in Fig. 4.8. The
pyramidal unit was bolted to the top chords as shown in Fig. 4.7. Fig. 4.9 shows a
modified pyramidal unit in which the inside active diagonal web member was removed.

Fig. 4.8 A W e b Joint in Test Hypar Space Truss

Fig. 4.9 A Modified Pyramidal Unit in Hypar Planar Layout
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The edge bottom chords were also made of 13 x 13 x 1.8 mm SHS steel tube, while the
active diagonal bottom chords were m a d e of 25 x 25 x 1.8 m m S H S steel tube. The edge
bottom chords were assembled to the planar layout by four high tensile wires that each
passed through six edge bottom joints andfivebottom chords. The active diagonal
bottom chords were assembled to the planar layout by a high tensile strand that passed
through five shorter tubes and through six active bottom joints. Shorter tubes were used
to control thefinalspace shape by creating pre-defined gaps, while the strand was used
to close the gaps.
To reduce or eliminate arching of the bottom chords on the active diagonal during posttensioning, each end of the active bottom chord had a chamfer. The angles of the
chamfers were calculated according to the results of the finite element analysis, with the
assumption that the faces of the bottom joints would "just touch" with the ends of the
bottom chords at the end of post-tensioning operation.

It is worth indicating the significant advantage of the high regularity in size and pos
of both member and joints of the layout. Additionally, the use of continuous chords,
which furnish m e m b e r continuity through the joints, has simplified the fabrication and
therefore has lowered the cost of the structure.
4.3.2 Shape Formation Procedure
The post-tensioning procedure began with the planar layout in its initial position, i.e., all
the top chords were flat. A hand-operated hydraulic jack was used to apply an axial
force to the individual tensile strands. T o form an efficient connection between the edge
bottom chords and bottom joints, every edge strand was given a 4 k N post-tensioning
force before the tensioning of the active diagonal. T o measure the possible member
stresses induced during the shape formation procedure, 11 pairs of electrical resistance
strain gauges were placed on both the top and bottom sides of the selected top chords (in
the midlength). The locations of the strain gauge pairs are shown in Fig. 4.10.
The shape formation operation is shown in Fig. 4.11. During the post-tensioning
procedure, the supports of the hypar were the three top comer joints which were free to
slide horizontally and to rotate. The post-tensioning process w a s achieved by 2 k N
increments of the post-tensioning force acting on the active diagonal tensile strand. A s
the post-tensioning force reached 6 k N , all the gaps, except the gap near the hydraulic
jack, were simultaneously closed, i.e., the tubes in the bottom chords were in a "justtouch" state with the bottom joints, and the tubes could be turned by a hand due to the
small axial force. W h e n the post-tensioning force reached 14.5 k N , all the gaps were
firmly closed, i.e., the bottom chords were completely locked to the bottom joint blocks
and a complete hypar was formed.
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Fig. 4.10 Positions of Strain Gage Pairs in Test H y p a r Space Truss

Fig. 4.11 Post-Tensioning Operation of Experimental H y p a r Space Truss
The hypar space trass formed by post-tensioning is shown in Fig. 4.12. It was seen
the post-tensioned and shaped hypar had a smooth surface. The shape of the hypar was
achieved principally by the twisting deformation of the top chord plane, and the out-ofplane flexural deformation of the top chords at the joints. The segments of top chords
between panels remained straight axially, although some top chords had significant
flexural deformation at the joints. The square meshes of the top chords deformed to
rhombic forms as shown in Fig. 4.13. All deformations were within the yield limit of
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the top chords, as predicted previously and confirmed by destressing, as the release of
the post-tensioning force caused the hypar toflattento a planar layout again.

Fig. 4.12

Experimental H y p a r Truss Post-Tensioned from Planar Layout

Fig. 4.13 Deformation of Post-Tensioned and Shaped H y p a r
4.3.3 Results of Shape Formation Test
The vertical displacement of the central top joint during the shape formation procedure is
plotted in Fig. 4.14. The horizontal displacements of the top and bottom corner joints

in
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Fig. 4.15 Horizontal Displacement of Certain Joints
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Fig. 4.17 Axial Forces in Certain Top Chords near the Corners of the
Positive Diagonal during Post-Tensioning Process
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are plotted in Fig. 4.15. It can be seen that the shape of the hypar was mainly formed in
the initial stage (the post-tensioning force was less than 5 k N , as shown in Figs. 4.14
and 15). At this stage, because the joints allowed the members to have relatively free
rotations at the ends, the joints could be regarded as pin-connected, and the hypar was in
a near-mechanism state. However, at the larger deformations, the relatively free
rotations at the joints were restrained, and the joints behaved as if rigid. A s a result, the
increment in post-tensioning force resulted in little further deformation of the hypar. At
this stage, the hypar behaved like a space frame.
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Fig. 4.18 Axial Forces in Gap Bottom Chords during Post-Tensioning
Process
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Another interest in the shape formation procedure was the magnitude of the axial forces
and theflexuralstresses in the members arising from the post-tensioning operation. The
measured axial forces are shown in Figs. 4.16 and 17 for some top chords, and in Fig.
4.18 for some bottom chords. From Figs. 4.16 and 17 it can be seen that the axial
forces in the segments around the centre were the highest, and in the comer segments of
the positive diagonal were small. The measured maximum axial forces in the top chords
occurred in the top chords 5 and 6 in Fig. 4.10. At the conclusion of post-tensioning,
the axial forces were 8.95 kN (tension) and 9.06 kN (compression), respectively, for
top chords 5 and 6. The measured maximum axial force in the web members was 7.8
kN (compression), and occurred in member 10 in Fig. 4.10.

It was found that, in addition to axial forces, the top chords also deve
flexural stresses. The measuredflexuralstresses for some top chords are shown in Figs.
4.19 to 21. It can be seen that the stress distribution in the top chord segments were not
uniform and the differences were significant, although all stresses were within the yield
strength of the members. The maximumflexuralstress was 183 MPa and occurred in
top chord 6 (Fig. 4.10). The minimum flexural stress was within 6 M P a and occurred in
the comer segments of the positive diagonal. The existence offlexuralstresses indicated
that the flexural deformation of the top chords played an important role in the shape
formation of the hypar space trass, and therefore, their effect should not be neglected.
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The measured flexural stresses for certain bottom chords are shown in Fig. 4.22. It ca
be seen that the difference between the top and bottom flexural stresses of a bottom
chord was large, particularly at the earlier stage (post-tensioning force less than 10 k N ) .
Theoretically, the magnitudes of the stresses on the top and bottom sides of a bottom
chord should be the same because the bottom chords were only in axial compression.
The large difference between the magnitudes of the top and bottomflexuralstresses w a s
because the end faces of the bottom chords were not in a "face-to-face" contact, but a
"face-to point" or a "face-to-line" contact, due to the imperfections in manufacture.

Flexural Stresses (MPa)
4.22 Flexural Stresses in Active Diagonal B o t t o m C h o r d s
during Post-Tensioning Process

It was found in the experiment that in the initial stage (the post-tensioning force le
5 k N ) , most of the post-tensioning force was balanced by the top chords, and thereby
the axial forces in the top chords increased significantly (Figs. 4.16 and 17). The axial
forces in the active bottom chords (Fig. 4.18), on the other hand, were small because
the tubes in the bottom chords were in a "no-touch" or "just-touch" state with the bottom
joints. However, as the four out of the five gaps firmly closed u p at 10 k N , the
increment of post-tensioning force was mainly balanced by the tubes in the bottom
chords (Fig. 4.18), and was mainly used to close the last gap. The axial forces in the top
chords only had small changes (Figs. 4.16 and 17), due to the partial offsetting of the
post-tensioning force by the tubes in the active bottom chords.
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4.4 C O M P A R I S O N B E T W E E N T H E O R Y A N D TEST
4.4.1 Space Shape
The principal theoretical and experimental dimensions of the hypar space truss are given
in Table 4.2. The space shape and the position of the hypar surface obtained from the
finite element analysis and the experiment are shown in Fig. 4.23. It can be seen that the
differences between the theoretical and experimental dimensions are less than 4.6%,
although the experimental shape was shallower than the theoretical one. The surface
height of the experimental hypar was 417 m m (the vertical distance between points Al
and B 7 in Fig. 4.23) while the theoretical surface height was 700 m m (the vertical
distance between points Al' and B7' in Fig. 4.23). The differences between the
theoretical and experimental surface heights is 40%.
Table 4.2 Principal Dimensions of Hypar Space Truss (mm)
Test

Theory
Surface Size

Bottom Size

Surface Size

Bottom Size

Overall Height

922

Span A

4226

3715

4310

3750

SpanB

4432

3521

4420

3530

880

Note: The directions of the spans are shown in Fig. 4.2.
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Fig. 4.23 Final Space Shape of Hypar Truss
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4.4.2 Axial Forces
The theoretical and experimental axial forces in top chords 5 and 6 in Fig. 4.10 are
shown in Fig. 4.24. It was found that both of the theoretical and the measured
m a x i m u m axial forces in the top chords occurred in the top chords 5 and 6. At the
conclusion of post-tensioning, the axial forces in top chords 5 and 6 were 8.95 k N
(tension) and 9.06 k N (compression), respectively. In the nonlinear finite element
analysis, the axial forces in top chords 5 and 6 were 7.01 k N (tension) and 11.4 k N
(compression), respectively, at load step 50.

10

Fig. 4.24

-5
0
Axial Force (kN)

Axial Forces in Certain T o p Chords during Post-Tensioning
Process

The axial forces in the active bottom chords are shown in Fig. 4.25. It can be seen that
there were large differences in the axial forces of the active bottom chords between
theory and experiment. The m a x i m u m difference reached 7 3 % . However, the finite
element analysis gave a very good prediction for the m a x i m u m post-tensioning force.
The theoretical and experimental values of the post-tensioning force were 14.7 k N and
14.5 k N , respectively.
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4.4.3 Flexural Stresses
Fig 4.26 shows the theoretical and experimental flexural stresses for top chords 5 and 6
in Fig. 4.10. It was found from both the theoretical and experimental results that the
stress distribution in the top chord segments were not uniform and the difference was
significant. The stresses in the segments around the centre area were the highest. The
maximumflexuralstress, occurred in top chord 6, was 183 M P a in the test and 214
M P a in theory, respectively. For most top chords, their flexural stresses showed a fair
agreement with the results of thefiniteelement analysis. The differences between the
theoretical and experimental flexural stresses were within 17%. However, for some
members like top chord 5, the difference may as high as 81%.
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Fig. 4.26 Flexural Stresses in Certain Top Chords during PostTensioning Process
4.4.4 Elaboration
From the above results it can be seen that some of the differences between theory and
experiment are significant. These differences can be attributed to the following factors:

(1) the difference between the post-tensioning operation and the gap closing si
by thefiniteelement method. It was found in the experiment that the structural behaviour
had two distinct stages. At thefirststage (the post-tensioning force was less than 5 k N ,
as shown in Figs. 4.13 and 14), the structure behaved like a near-mechanism (the shape
of the hypar was mainly formed in this stage). However, after that, the increment in
post-tensioning force resulted in little further deformation of the hypar. At this stage, the
structure behaved like a space frame. Also, the closings of the gaps were not uniform:
four out of thefivegapsfirmlyclosed up at 10 kN, and the last gap closed up at 14.5
kN. In thefiniteelement analysis, however, the closing of the bottom chord gaps was
simulated by the element shortening caused by a negative temperature load. The negative
temperature change was divided into many load steps, and applied uniformly to the
bottom joints along the active diagonal step by step. The deformations of both top
chords and active bottom chords were in proportion to the temperature change, and
91

Chapter 4 Post-Tensioned and Shaped Hypar Space Trusses

therefore, the structural behaviour in the above two different stages was not simulated a
occurred in the experiment.
(2) imperfections in the experimental model. Such imperfections included the geometric
imperfections of the members and assembly, the rotations and slippage of joints, and the
weakness of the top chord stiffness at the joints (the continuous top chords had drilled
holes of 7 m m in diameter to allow the bolts through them). Because most of these
imperfections cannot be determined precisely, they were not incorporated into the finite
element model exactly. However, these imperfections did affect the structural behaviour
of the shape formation. For example, theoretically, the axial forces in the tubes of the
bottom chords should be small or zero. However, due to the tolerance in the end angles
and lengths of the tubes in the bottom chords of the test truss, the gaps could not be
closed firmly at a low force level. A s a result, the compressive forces in the tubes of the
bottom chords became large, and the overall shape of the test hypar was affected.

(3) the efficiency of the finite element method in simulating the structural behaviour o
post-tensioned and shaped space trusses. A s indicated earlier, the post-tensioned and
shaped hypar has the characteristic of both a mechanism and a structure. A finite element
method that only considers the structural characteristics m a y lack efficiency in treating
such problems involving near-mechanisms.

4.5 ULTIMATE LOAD TEST OF HYPAR SPACE TRUSS
The objectives of the test program were to investigate the structural behaviour of a
complete post-tensioned and shaped hypar space trass under vertical load, and to
determine the effect of the prestress forces induced by post-tensioning on the overall
stiffness and ultimate load capacity of the hypar space truss.
4.5.1 Test Procedure
The ultimate load test of the hypar space trass was carried out on a test rig. Because the
hypar had already been in a statically determinate state after shape formation, a support
system was set up only to restrain the truss fromrigidbody movements. The two lower
comer bottom joints on the active diagonal of the hypar space trass were directly
connected to the test rig. The other two upper comer bottom joints o n the positive
diagonal were connected to the test rig by steel members to restrain the vertical
movement. The positions and directions of the supports are shown in Fig. 4.27. The
hypar space truss was once statically indeterminate with the above support system
according to a generalized Maxwell criterion (Calladine 1978).
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• Horizontal Support
• Vertical Support
o Loading Joint

Fig. 4.27

Support and loading Joints of Test H y p a r

The vertical load was applied to the test trass by loading the 16 non-boundary bottom
joints as shown in Fig. 4.27. The external vertical load was applied by a hydraulic jack.
A whiffletree system was employed to distribute the vertical load equally to the 16
bottom joints. Eleven pairs of strain gauges were used to measure the induced member
stresses in eleven members which are indicated in Fig. 4.27.
The ultimate load test started with 5 kN increments in the vertical load. When the total
vertical load reached 10 k N , it was noted that the three middle bottom chords of all the
four sides in the hypar started to loosen. The loosening was due to the reduction to zero
of the initial compressive forces in the bottom chords. During the shape formation stage,
the tubular edge bottom chords were in compression while the prestress cables inside the
bottom chords were in tension. A s the tensile forces increased in the edge bottom chords
during the loading test, the initial compressive prestress forces (4 k N applied by directly
tensioning the cables inside the edge bottom chords at the start of post-tensioning, and 5
k N developed by post-tensioning the active diagonal) were offset. W h e n the external
load caused the compressive force in the tubular bottom chords to be reduced to zero,
the resulting tensile forces was totally carried by the high tensile strands on the tube
centreline. A s a result, the bottom chords loosened. The external load to cause the edge
bottom chords loosening was about 7 0 % of the ultimate load for the test hypar. The
bottom chord loosening caused a loss of vertical stiffness for the truss.
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When the load reached 13.2 kN, the two comer bottom chords on the active diagonal
buckled with significant deformation. M a n y joints on the active diagonal experienced
large displacements before the two comer bottom chords buckled. W h e n the external
load increased to 14.7 kN, the second two active diagonal bottom chords, i.e., member
10 and the member that had the same position with it in Fig. 4.27, buckled. The
buckling was accompanied by further large displacements in some joints. The hypar
space truss was folded along the active diagonal. The experiment was terminated at the
load of 14.7 k N , and subsequently the load was released back to zero. It was found that
the joints on and near the active diagonal experienced very large displacements.
However, all the joints near the four comers had very small displacements. The failed
hypar space truss is shown in Fig. 4.28. At thefinalstage, four out of the five active
diagonal bottom chords (except member 9 in Fig. 4.27) buckled (Fig. 4.29).

Fig. 4.28 Failed H y p a r after Ultimate L o a d Test

The hypar trass test was terminated when four active diagonal bottom chords buckled. I
appeared that the hypar was very close to, if not had reached, its ultimate load capacity at
the end of the test. Compared with the ultimate load of 26.7 k N in a previous test hypar
(Dehdashti 1994) that had the same dimensions and materials as the present one, but all
w e b members were present, this hypar trass had a relatively small ultimate load. This
indicated that after some diagonal w e b members were removed to form a complete hypar
space truss, the role of the bottom chords on the active diagonal became important in
carrying external load. Therefore, heavy bottom chords are desirable to increase the
ultimate load capacity of the hypar space trass.
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?•»

Fig. 4.29 Failed Bottom Members of Test Hypar
4.5.2 Test Results
The characteristic structural response of the test hypar space trass is plotted in Fig. 4.30
in which the displacement is the average of the displacements in the 16 loaded bottom
joints (Fig. 4.27). It can be seen that when the vertical load was within 10 k N (point 2
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Fig. 4.30 Experimental Structural Behaviour of Hypar Space Truss
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in Fig. 4.30), the load-deflection curve was almost linear. However, as some edge
bottom chords loosened after the vertical load reached 10 k N , the stiffness of the hypar
was reduced, and therefore, the overall load-deflection curve became nonlinear. The
hypar truss had large displacements with a little increment in vertical load. This indicated
that the overall stiffness of the test trass was significantly reduced after some edge
bottom chords loosened. Thefirsttwo comer active diagonal bottom chords buckled at
point 4 in Fig. 4.30, and the second two active diagonal bottom chords buckled at point
5 in Fig. 4.30. F o r m Fig. 4.30 it can been seen that the buckling occurred after the
loading joints experienced large displacements.

The displacements of the top joints on the active diagonal are given in Figs. 4.31 and
4.32. It can be seen that the displacements of all the joints had a significant increment
after the vertical load reached 10 k N . The displacements of the symmetrical joints were
almost symmetrical (e.g., the discrepancy between the displacements of joints A 2 and
A 6 was small). The central joint A 4 had the m a x i m u m vertical displacement. With
increase of the distance from the central joint, the displacement of joints reduced.
Comparing Fig. 4.31 with Fig. 4.30 it can be seen that the points similar to point 3 in
Fig. 4.30 are lost in Fig. 4.31. This is because the load-deflection relationship in Fig.
4.30 is continuously plotted while the load-deflection relationships in Figs. 4.31 and
4.32 are plotted only at certain values of the vertical load.

Joint Displacememt ( m m )
Fig. 4.31 Displacements of T o p Joints o n Active Diagonal
during Ultimate L o a d Test
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during Ultimate Load Test

Member Forces (kN)
Fig. 4.33 Axial Forces in Certain Top Chords during Ultimate Load Test
of Hypar Space Truss
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The measured axial forces in some top chords are plotted in Figs. 4.33 and 4.34, i
which the prestress forces induced during the shape formation test were taken into
account. It was found that the values of axial forces in most top chords had a significant
change after the vertical load reached 10 kN. This change was due to the significant
deflection of the hypar truss, as large deformation can cause redistribution of the
member forces.

The axial force distribution in the test hypar was not uniform. The top chords ne
four comers had very small member forces (less than 5 kN). The measured maximum
tensile axial force in the top chords occurred in member 4 of Fig. 4.27 with a magnitude
of 13 kN. The measured m a x i m u m compressive axial force in the top chords occurred in
member 3 of Fig. 4.27 with a magnitude of 13.8 kN. Despite the measured axial force
in member 3 being greater than the compressive load carrying capacity of an
experimental pin-jointed member (12.5 k N in Appendix A ) , member 3 did not buckle in
the test. This was because the continuity and therefore the elastic restraints provided by
the adjacent members increased the load capacity of member 3.

The axial forces in some bottom chords on the active diagonal are plotted in Fig. 4.35.
The prestress forces induced during the shape formation test were also taken into
account. The loading process induced compressive force in all bottom chords on the
active diagonal. It was seen that the bottom chord 11 in Fig. 4.27 had a m a x i m u m axial
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force of -43.6 kN (determined by test and including the prestress force caused during
the shape formation procedure) before the test truss reached the ultimate load.
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Fig. 4.35 Axial Forces in Certain Web Members
during Ultimate Load Test

4.6 STRUCTURAL BEHAVIOUR OF COMBINED TUBE-CABLE

MEMBERS
The bottom chords of the post-tensioned and shaped hypar space truss are combined
tube-cable members made of steel tubes and a tensile strand inside the tubes. A s
indicated in Chapter 3, the structural behaviour of such a combined tube-cable member
is different from that of a cable or a tube.
During the shape formation process, the steel tubes in the active diagonal are
theoretically stress-free (they cannot carry tensile force and are only used as gap-rulers
initially), and the steel tubes in the edge bottom chords are in compression (they have
compressive prestress forces applied by directly tensioning the cables and are also
developed during the shape formation process). The cables are always subject to
tension. Because the axial forces developed during the shape formation stage are too
small to change the length of a cable or a tube, the combined tube-cable members can be
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regarded as either a cable or a tube in the shape formation analysis without affecting the
space shape of a structure.

During the application of external load, the structural behaviour of a combine
cable member may experience significant changes due to the change of the axial force
acting on it. Because the structural behaviours of the combined tube-cable members
affect the overall structural behaviour of the structure, they need to be accounted for in
the ultimate load analysis.
4.6.1 Active Diagonal Bottom Chords
During the ultimate load test, the active diagonal bottom chords in the hypar trass are in
compression. For a combined tube-cable member in compression, instability can occur
when the axial force reaches the buckling load of the steel tube, because the cable cannot
carry compressive force. Therefore, the force-deformation response of a combined
member should be the same as that of the steel tube. In such a situation, the structural
behaviour of the combined tube-cable member can directly follow that of the steel tube.
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Fig. 4.36 Structural Response of an Individual Bottom Chord on the
Active Diagonal

The compressive structural response for an individual tube in the active diago
chords is given in Fig. 4.36. In the finite element analysis the experimental structural
response of the steel tube used as for the active diagonal bottom chords is piece-wise
linearized, based upon the test result. A s shown in Fig. 4.36, the bottom chords are
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assumed to behave linearly up to the buckling load of 42.3 kN, whereupon the member
collapses, and thereafter has a negative stiffness.

50 -i
40 -i

40 -

/
30 -

z

X

/

•

X
X

u-^

y

S 30 o
20 -

/

X
\

/

X

u_
ra .

/

*

X

< 20 -

/
10 -

/

io - /
Qy¥•

0 -|Z
0

/0

.

,

1

0.5

1

1.5

,
0.5

1

.

1

1
Axial Deflection (mm)

1.5

2

Fig. 4.37 Structural Response of a Prestressed Bottom Chord
on Active Diagonal

During the shape formation stage, the shorter steel tubes on the active diagona
chords were only used as gap-rulers, and the compressive prestress force was to be zero
in the test procedure. However, due to geometrical imperfections and operation errors
(i.e., the post-tensioning force may be larger than that required to close the gap), the
steel tubes may be in compression in the practical model. T o account for the effect of
prestress force on the ultimate load capacity, the prestress forces caused during the
shape formation stage can be directly taken off from the structural response of the
tubular members, as described in Chapter 3. As shown in Fig. 4.37, the lower
coordinate system is used to describe the structural behaviour of the tubular members
that have no prestress (it is the same as that shown in Fig. 4.36). The upper coordinate
system is used to describe the structural behaviour of the tubular members with
compressive prestress forces. It is obtained by moving the original coordinate system
vertically to the position of 7.8 k N (the maximum experimental prestress force in the
active bottom chords as shown in Fig. 4.35), and then moving it horizontally to the
point where the vertical axis interacts with the structural curve. The point is defined as
the origin of the new coordinate system to describe the structural behaviour of the
tubular member with prestress. Under such a coordinate system, the structural
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behaviour of the tubular member shown in Fig. 4.37 can be described as follows: the
load capacity increases linearly up to the buckling load of 34.5 k N , whereupon the
m e m b e r collapses and thereafter has a negative stiffness.
4.6.2 Edge Bottom Chords
During the ultimate load test it has been observed that some edge bottom chords
loosened w h e n the total vertical load reached a certain value. The loosening is due to the
compressive prestress forces in the bottom chords, induced by the post-tensioning
process, being offset as the tensile forces increase in the edge bottom chords during the
loading test. W h e n the external load caused the compressive force in the edge tubular
bottom chords to be reduced to zero, the resulting tensile forces were totally carried by
the high tensile strands on the tube centreline. A s a result, an apparent loss of vertical
stiffness can be noted.

The loosening of some bottom chords demonstrates that the structural behaviour of a
combined tube-cable m e m b e r in tension depends on the axial force acting on it, and the
prestress force induced during the shape formation procedure. W h e n the external load is
less than the separation force, the structural behaviour of the combined tube-cable
m e m b e r is determined by both the tube and cable. W h e n the external load is larger than
the separation force, the structural behaviour of the combined tube-cable m e m b e r is
determined by the cable, because the tube cannot carry tensile load. D u e to the large
difference in cross-section areas, the same length tube and cable members m a y have a
large difference in axial deflections under the action of the same axial force. A s a result,
the structural behaviour of a combined tube-cable member in tension m a y have a
significant change in the ultimate load stage.

As indicated in Chapter 3, the large difference between the cross-section areas of the
tube and cable members can be expressed by the equivalent modulus of the combined
tube-cable edge bottom chords. The experimental structural behaviours of the tube and
cable are plotted in Fig. 4.38 based on the m e m b e r test results (Appendix A ) . The
structural behaviour of the combined tube-cable edge bottom chords is derived from the
experimental structural behaviours of the tube and cable according to Equations 3.30 to
3.38. It is also plotted in Fig. 4.38. T h e compressive prestress force (P 0 ) in the tube is 9
k N and the external force that causes the separation (Ps) is 13 k N .
In the finite element models, the axial force-deflection curve shown in Fig. 4.38 is
transformed to a stress-strain curve as shown in Fig. 4.39 to express the large difference
between the axial stiffness of the tube and cable members caused by the difference
between the cross-section areas of the tube and cable members. The cross-section area
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of the combined tube-cable edge bottom chords is the sum of these of the tube
(80.6 m m 2 ) and the cable (24.6 mm2).
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Fig. 4.38 Structural Responses of a Tube, a Cable and a Combined
Tube-Cable Member in Edge Bottom Chords of Hypar Space Truss
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4.7 ULTIMATE LOAD ANALYSES OF HYPAR SPACE TRUSS
To simulate the ultimate load behaviour of the test hypar space trass, the program MSC/
N A S T R A N (1995) is employed. The finite element analysis commences with the space
shape of the test truss. T h e geometry of the finite element model is based on the
measured geometry of the hypar, instead of the results of the shape formation analysis
(the experimental shape is shallower than the theoretical one). In terms of the surface
height, the tolerance between the theory and experiment is 4 0 % (Section 4.4). All
members in the trass are modelled as straight and uniform pin-jointed rod elements
because the failure of the trass is principally caused by the inelastic buckling of the
bottom chords on the active diagonal according to the test. The eccentricity of the top
chords is neglected because the pin-jointed rod elements allow free rotations at the top
joints. All restraints and load conditions are the same as for the test hypar truss (Fig.
4.27).

Because of the large difference between the theoretical and experimental space shapes o
the hypar truss, and also because all the top chords were modelled as beam elements in
the shape formation analysis (the pin-jointed rod element model could not give the
practical post-tensioning force (Section 4.4)), the ultimate load analysis with an all-rodelement model cannot start from the initial planar configuration of the hypar space truss.
However, the post-tensioned and shaped hypar space truss is subjected to different
loading and restraint conditions during the shape formation and vertical loading stages.
In the space shape, the axial force distribution in the post-tensioned and shaped hypar is
different from that which would have resulted had the structure been built in-position to
its space shape. T o determine the effects of prestress forces in members induced during
the shape formation procedure, the hypar truss is analyzed with four different models.

4.7.1 Finite Element Analyses with Models 1 and 2
In model 1, the hypar space trass is assumed as a structure that is built in-position to its
space shape. Only the nonlinear structural response of the active diagonal bottom chords
is considered. The prestress forces in the active diagonal bottom chords are neglected,
i.e., the structural response of the active diagonal bottom chords is assumed as that
shown in Fig. 4.36. In model 2, the prestress axial forces in the active diagonal bottom
chords are taken into account by shift of origin of the structural response of the bottom
chord as illustrated in Fig. 4.37. T h e edge bottom chords are regarded as tubular
members in both models 1 and 2.

The theoretical structural behaviours of the test hypar space truss are shown in Fig. 4
and are compared with the experimental structural behaviour (the displacement is the
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average of the displacements at the 16 loaded bottom joints). The theoretical ultimate
load is 17.8 k N in the analysis without considering the prestress forces in the active
diagonal bottom chords (model 1), and is 13.1 k N in the analysis considering such
forces (model 2). Compared with the experimental ultimate load of 14.7 kN, the
discrepancies are 17.4% and 12.2%, respectively. It can be seen that the theoretical and
experimental results agree well in the initial stage. However, after the vertical load
reaches 10 kN, the theoretical and experimental structural behaviours have a large
difference. The experimental deflection increases significantly following a small increase
in vertical load, while the theoretical deflection is relatively small, even when the hypar
reaches its ultimate load capacity. This means that the theoretical analyses with models 1
and 2 cannot simulate the significant reduction in overall stiffness of the experimental
hypar truss.
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Fig. 4.40 Theoretical and Experimental Structural Behaviours

The theoretical (model 2) and experimental axial forces in some bottom chords are given
in Fig. 4.41. For ease of comparison, the experimental prestress forces in the bottom
chords are omitted (the experimental axial forces in the edge bottom chords were not
measured in the test). From Fig. 4.41 it can be seen that both theoretical and
experimental maximum compressive axial forces occurred in member 11 in Fig. 4.27.
The measured maximum compressive axial force is 34.6 kN. Considering the prestress
force of 7.8 kN, it is almost equal to the ultimate compressive load capacity of an
individual pin-ended member (42.3 k N in Fig. 4.36). However, there is a large
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difference between the theoretical and experimental axial forces in member 9 (Fig.
4.27). The measured axial force reduced after the vertical load reached 10 k N , while the
theoretical axial force increased until the hypar reached its ultimate load.
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Fig. 4.41 Theoretical and Experimental Axial Forces in Certain Bottom
Chords

The large differences between the theoretical and experimental results of the hy
are attributed to the axial-force-dependent structural behaviour of the combined tubecable edge bottom chords being neglected in models 1 and 2. Because the hypar is
supported at the four bottom comer joints, the in-plane restraints of the edge web joints
are provided by the combined tube-cable bottom chords. A s the compressive forces (9
kN) in the tubular edge bottom chords are offset, all the tensile forces in the combined
tube-cable bottom chords are carried by the cables. Due to the small cross-section area,
these edge cables have large axial deflections with a small vertical load increment. The
large axial deflections of the cables would allow large in-plane movement of the edge
web joints. The in-plane movement would cause the hypar to flatten, and result in a
large vertical deformation.

4.7.2 Finite Element Analyses with Models 3 and 4
To consider the effect of the edge bottom chords to the hypar structural behaviour, the
axial-force-dependent structural behaviour of the combined tube-cable edge bottom
chords is taken into account in models 3 and 4. In model 3, only the structural
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responses of the active diagonal bottom chords and the edge bottom chords are
considered. The prestress forces in the active diagonal bottom chords are neglected. The
structural responses of the active diagonal bottom chords and edge bottom chords are
assumed as those shown in Figs. 4.36 and 4.39, respectively. In model 4, the prestress
axial forces in the active diagonal bottom chords are also taken into account by a shift of
origin of the structural response of the bottom chord as illustrated in Fig. 4.37. The
structural response of the edge bottom chords is the same as that shown in Fig. 4.39.
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Fig. 4.42 Theoretical and Experimental Structural Behaviours of Hypar

The theoretical and experimental structural behaviours of the test hypar space truss are
shown in Fig. 4.42 (in which the displacement is the average of the displacements at the
16 loaded bottom joints). It can be seen that the theoretical and experimental structural
behaviours agree well in general. Both the theoretical and experimental deflections have
a large increase following a small increment in vertical load, after some edge bottom
chords loosened at the vertical load of 10 k N in the test and 12.5 k N in the analyses. At
this stage, both the theoretical and experimental overall stiffnesses are significantly
reduced. Also, both the theoretical and experimental models reach their ultimate load as
the active diagonal bottom chords buckle after the large deflections occur. This
demonstrates that the structural behaviour of the combined tube-cable edge bottom
chords has a most significant effect on the overall stiffness of the post-tensioned and
shaped hypar truss, and that the proposed equivalent modulus can effectively describe
the nature of a combined tube-cable member.
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The theoretical ultimate load is 22 k N in the analysis without considering the prestress
forces in the active diagonal bottom chords (model 3), and is 16.9 k N in the analysis
considering such forces (model 4). The analysis considering the prestress forces in the
active diagonal bottom chords gives a better prediction for the ultimate load capacity,
with a discrepancy of 1 3 % . The post-tensioning process has caused a reduction of 2 3 %
in the ultimate load capacity of the hypar space truss, due to the existence of the
compressive prestress forces in the active diagonal bottom chords after the shape
formation. The following discussion is based on the analysis considering prestress
forces in the active diagonal bottom chords (model 4).
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The theoretical and experimental axial forces in some top chords are shown in Fig.
4.43. For ease of comparison, the prestress forces in the top chords are omitted. From
Fig. 4.43 it can be seen that both the experimental and theoretical axial forces have a
significant change, after some edge bottom chords loosen at the vertical load of 10 k N in
the test and 12.5 k N in the analyses. This change is due to the loosening of the edge
bottom chords, as large deflection can cause redistribution of the member forces. From
Fig. 4.43 it can be found that the agreement between the experimental and theoretical
results is reasonable. Both theoretical and experimental m a x i m u m compressive axial
forces occurred in member 6 in Fig. 4.27. The measured m a x i m u m compressive axial
force is 13.4 k N , and the theoretical m a x i m u m compressive axial force is 14.1 k N .
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The theoretical and experimental axial forces in some active diagonal bottom chords are
given in Fig. 4.44. Again, the prestress forces in the bottom chords are omitted. Both
109

Chapter 4 Post-Tensioned and Shaped Hypar Space Trusses

theoretical and experimental maximum compressive axial forces occur in member 11 in
Fig. 4.27. The theoretical m a x i m u m compressive axial force is 34.5 k N (after taking off
the prestress force of 7.8 k N ) .

The theoretical axial forces in some edge bottom chords are shown in Fig. 4.45. The
experimental axial forces in the edge bottom chords were not measured in the test. F r o m
Fig. 4.45 it can be seen that the significant change in axial forces is an immediate result
of the stiffness change of the edge bottom chords. The significant change in axial forces
occurs as soon as the axial forces in m e m b e r C 2 reaches 13 k N (the theoretical
separation force in the bottom chord as shown in Fig. 4.38), w h e n the stiffness of the
edge bottom chord C 2 changes. This demonstrates that the significant change in axial
forces is caused by the large deflections of the edge bottom chords. T h e large
deflections of the edge bottom chords result in the redistribution of the m e m b e r forces in
the hypar trass.

4.7.3 Discussion
The theoretical analyses have indicated that the post-tensioning process has caused a
reduction in ultimate load capacity of the hypar space truss, due to the existence of the
compressive prestress forces in the active diagonal bottom chords after the shape
formation. The reduction is 2 6 % in model 2 and is 2 3 % in model 4. Therefore, the
increase of the ultimate load capacity of the active diagonal bottom chords, or reduction
of the compressive force in the active diagonal bottom chords during the shape
formation stage, would increase the ultimate load capability of the hypar space truss.

It can be found that the analysis that considers the effect of the axial-force-dependen
structural behaviour of all the combined tube-cable edge bottom chords (models 3 and 4)
can give a better description for the structural behaviour of the test hypar space truss.
The structural behaviour of the combined tube-cable members has a significant effect on
the overall stiffness of the post-tensioned and shaped hypar truss. It can be anticipated
that an increase in the cross-section area of the edge cables, or an increase in the
compressive prestress force in the edge bottom chords, would lead to a significant
increment in overall stiffness and load capacity of the hypar space truss.

From Figs. 4.42 to 4.44 it can be found that there are some differences between theory
and test. Compared with the sharp increases in theoretical axial forces at the vertical load
of 12.5 k N , the increases in experimental axial forces are relatively smooth. This
behaviour w a s observed because the experimental axial forces were measured only at
certain values of the vertical load, instead of being continuously measured. If sharp
increases in forces occurred, then they could not be measured. A s explained previously,
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comparison between Figs. 4.30 and 4.31 provides some further evidence of the
existence of such a loss of information.

To investigate the reason for the significant change in deflections and axial forces in
hypar truss, the shapes of the active diagonal bottom chords at different loading stages
are shown in Fig. 4.46 according to the results of the finite element analysis (model 4).
They correspond with the loading stages shown in Fig. 4.42. It can be seen that, during
the stage O to A , the active diagonal bottom chords keep the shape of an arch, and the
structural behaviour of the hypar space truss is almost linear. However, during the stage
A to B , the three middle active bottom chords experience large deformations and they
form an inverted arch, as indicated with B in Fig. 4.46, due to the loosening of some
edge bottom chords. This means that a local snap-through happens during the ultimate
load process of the hypar space truss. Unfortunately, thefinalshape of the active
diagonal bottom chords in the test hypar was not measured.
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Steps (See Fig. 4.42)
To obtain a better understanding of the snap-through phenomenon in the hypar truss, a
simple example is investigated here. A n eight-member space truss that is similar to the
test hypar is shown in Fig. 4.47. It can be seen that the truss is just in a statically
determinate state, as for the test hypar. A vertical load is applied on joint A in Fig. 4.47.
The four in-plane members have the same material and the same cross-section area with
the tubular edge bottom chords in the test hypar. The four out-of-plane members have
the same cross-section area as the in-plane members, but have different structural
behaviours as shown in Fig. 4.48.
The eight-member space trass is analyzed with two different models. The Young's
modulus of the in-plane members is 200 G P a in both models 1 and 2, but the out-ofplane members are given different stiffnesses in models 1 and 2, as shown in Fig. 4.48.
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The structural behaviours of the eight-member space truss are shown in Fig. 4.49. It
can be seen that there is large difference between models 1 and 2. W h e n the stiffness of
the out-of-plane members is large, the iiltimate load of the space truss is determined by
the compressive ultimate load capacity of the out-of-plane members, and the failure of
the truss is due to buckling of the out-of-plane members (model 1). W h e n the stiffness
of the out-of-plane members is small enough, the members can have large deflections
that allow the truss to change its shape before they reach their compressive ultimate
load. In such a case, a snap-through can occur before the truss members reach their
compressive ultimate load (model 2).

The theoretical axial forces in some members are shown in Fig. 4.50. From Fig. 4.50 it
can be found that the axial forces increase step by step with increase of the vertical load
in model 1. However, the axial forces have a significant change in all the eight members
during the snap-through stage in model 2.
Comparison between Figs. 4..40, 4.42 and 4.49 shows that the structural behaviour of
the eight-member space truss obtained with model 1 (Fig. 4.49) is similar to that of the
hypar trass obtained with models 1 and 2 (Fig. 4.40), and that obtained with model 2
(Fig. 4.49) is similar to that of the hypar trass obtained with models 3 and 4 (Fig.
4.42). This demonstrates that a snap-through phenomenon occurred in the test hypar
truss, and the analyses with models 3 and 4 are reasonable. The theoretical axial forces
of the hypar obtained with model 4 (Figs. 4.43 to 4.45) are similar to those of the eightm e m b e r trass obtained with model 2 (Fig. 4.50) in which a snap-through happened.

The principal feature of the snap-through phenomenon is the geometric nonlinearity due
to large displacements. Around the critical loads, the convergence behaviour of the
solution is rather erratic and unpredictable due to the high nonlinearity. Also, because
the Newton's method is unable to trace the structural response throughout the snapthrough process, the solutions of the above problems were discontinuous. The missing
solution portions were "conjectured" by M S C / N A S T R A N (1995)

The analyses of the eight-member space truss have confirmed that a snap-through
phenomenon can occur before the trass members reach their ultimate load capacity. The
reason for snap-through is due to the large deflections of the members. Because the
truss members in practical space trusses are oversized in most cases, their failure is
often of a "brittle type", i.e., only joint fracture or m e m b e r buckling occurs. Only a few
snap-through phenomena are reported, and most of the reported snap-through involves
buckling of members, because buckling of members in practical space trusses is one of
the most c o m m o n cases for large deflections to occur (Gioncu 1995). Further research
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work, both theoretical and experimental, is needed to obtained a better understanding of
the snap-through phenomenon for space trusses.

4.8 SUMMARY OF THE CHAPTER

In this chapter a test hypar space truss is formed by means of a post-tensioning method.
The formed test hypar is loaded to failure in order to determine the ultimate load
behaviour. All the above tests are analyzed with the finite element method. The results
of the tests and analyses are summarized as follows.

It is possible to form a hypar space trass by post-tensioning only one diagonal of a
regular square layout. The shape formation process is integral with the erection process.
Such a post-tensioned and shaped hypar has evident advantages in simplifying erection
processes because it can reduce or eliminate the need for scaffolding and large cranes.

The layout considered herein is an Single-Chorded Space Trass (SCST) in which all top
chords are continuous and have the same length, and all w e b members have same, but
another, length. The regular layout has been modified so that the edge bottom joints are
connected with bottom chords with no-gaps, and the inside w e b members of the (n - 2)
pyramids along the active diagonal are removed, in order to develop sufficient
mechanisms for the shape formation to proceed with small post-tensioning force.

A nonlinear finite element analysis method for predicting the space shape and the posttensioning force of a hypar truss is presented. However, there is a large discrepancy in
some of the results between theory and experiment, due to differences between the test
model and the theoretical model. The shape formation behaviour of the post-tensioned
and shaped hypar space trasses needs further investigation.

The ultimate load test of a post-tensioned and shaped hypar space trass has been carried
out. The overall failure is due to the buckling of some active diagonal bottom chords.
The test hypar truss is analyzed using a nonlinear finite element method. T h e finite
element analyses that consider the structural behaviour of the combined tube-cable
bottom chords give a better description for the structural behaviour of the test hypar
space truss than analyses that do not consider it.

The ultimate load capacity of the test hypar space truss is 14.7 kN. The theoretical
analyses indicate that the post-tensioning has caused a reduction in the ultimate load
capacity, due to the compressive prestress forces in the active diagonal bottom chords
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induced during the shape formation stage. The reduction in theoretical ultimate load
capacity is 2 6 % in model 2 (Fig. 4.40), and is 2 3 % in model 4 (Fig. 4.42). Therefore,
the increase of the ultimate load capacity of the active diagonal bottom chords, or a
reduction of the compressive force in the active diagonal bottom chords during the shape
formation stage, would increase the ultimate load capability of the hypar space truss.

The structural behaviour of the combined tube-cable members has a significant effect on
the overall stiffness and load carrying capacity of the post-tensioned and shaped hypar
truss. It can be anticipated that an increase in the cross-section area of the edge cables,
or an increase in the compressive prestress force in the edge bottom chords, would lead
to an significant increment in overall stiffness and load capacity of the hypar space trass.
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CHAPTER 5
SPACE-SHAPE-BASED
DOMES
This chapter principally concerns the studies on Space-Shape-Based (SSB) posttensioned and shaped domes (i.e., the planar layout of the dome is determined from its
desired space shape). The planar and space geometric models that reflect the relationship
between the planar layout and the space shape arefirstestablished. Then, five SpaceShape-Based post-tensioned and shaped domes have been formed to investigate the
essential aspects that lead to shape formation and self-erection of post-tensioned and
shaped domes. After shape formation tests, the last experimental model is loaded to
failure in order to deteirnine the ultimate load capacity. Finally, the S S B test dome is
analyzed by finite element analyses with several different models to obtain a reliable
description for its ultimate load behaviour.

5.1 SPACE GEOMETRIC MODEL OF SSB DOME
The space geometric model of an SSB dome is used to express the spherical surface
subdivided with regular grids together with a system of out-of-plane web members. A
method to establish a space geometric model has already given in Chapter 3. Here, the
method is used in an S S B dome. A s indicated previously, the key problem for
establishing such a space geometric model is that the d o m e should have a high degree of
regularity in the positions and sizes of its component parts, and can be flatten to a planar
shape.
5.1.1 Subdivision of a Dome Surface
A s shown in Fig. 5.1, a general formulation of a spherical surface can be written as

Fs(x)=Xs2 + Ys2 + ZS2-RS2 = 0 (5.1)
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where {Xs, Ys, Zs) are coordinates of a joint and Rs is the radius of the spherical
surface.

I—•X

Fig. 5.1 Definition of a Part-Spherical D o m e Surface

In practice, a dome is usually a part cut from a complete spherical surface. If th
of the dome surface H is given, as shown in Fig. 5.1, the formulation of the spherical
dome surface boundary can be written as

X,2 + Tv 2 + H2 - 2HR, = 0

(5.2)

Using Equations 5.1 and 5.2, the surface shape of a dome can be completely
determined.

If the dome surface is subdivided with regular quadrilateral grids in which every
(top chord) has the length Ls and non-regular quadrilateral grids in which two sides (top
chords) have the regular length Ls and the other two sides (top chords) have the nonregular length Lst, then all the joints and chords on the dome surface can be divided into
two classes, i.e., boundary (non-regular) and non-boundary (regular) joints and chords.
Because of double-symmetry, only a quarter d o m e needs to be considered.

5.1.2 N o n - B o u n d a r y Joints a n d Chords on Surface of the D o m e
There are two kinds of non-boundary joints, although all the non-boundary chords have
the same length. Joints on the Cartesian coordinate axes can be determined by
118

Chapter 5 Space-Shape-Based Domes

Xsi = Ps sinCCi;

(5.3a)

Ysi = 0;

(5.3b)

ZSi = Rs coscct;

(5.3c)

Tt Ls (i - 1)
oc;=Rf

; fori = 1,2,

,N
sa

(5.3d)

Xsj = 0;

(5.3e)

YSj = Rs sinfy;

(5.3f)

ZSj = Rs cospj;

(5.3g)

n Ls (j - Nsa)
;forj = Nsa + I Nsa + 2,
Pj='

Rs

, 2Nsa - 1

(5.3h)

where o$ is the ^gle between the radius to the i-th joint and the Z axis;fyis the angle
between the radius to the j-th joint and the Z axis; and Nsa is the number of joints on the
X axis or on the Y axis for a quarter dome surface. Ls can be determined according to
the desired surface shape of the dome and Nsa.

Z1

z ik

(a) XZ-Plane (Joints on Y-Axis);

(b) YZ-Plane (Joints on X-Axis)

Fig. 5.2 Joints on Coordinate Axes of a Quarter Dome Surface

Fig. 5.2 shows the positions of the 7 on-axis joints which lie on the spherical s
shown in Fig. 5.3. The surface radius Rs is 5390 m m and surface rise H is 220 m m . If
the number of on-axis joints is 4, then, according to the values of R, H and Ls it can be
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derived so that Ls is 520 m m . The coordinates of the 7 on-axis joints can be determined
from Equation 5.3.
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Fig. 5.3 Adjustment of Boundary Joints in a Quarter Dome Surface
(Joints Connected by the Dashed Lines A r e Original Positions of
Boundary Joints)

Joints not on the coordinate axes can be derived from the on-axis joints. If joi
non on-axis joint, the distances between joint K and the relevant joints I and J should be
equal to Ls,. The distances between joints I, K and J, K can be written as

V(** - Xsif

J&*

+

0* - Ysif + (Zsk - Zsi)2 = Ls (5.4)

~*sj? + (Ysk ~Ysj? + (Zsk - Z . f = Ls

(5.5)

If the coordinates of joint I (XSi, YSi, Zs\) and joint J (XSj, YSj, ZSj) are known
unknown coordinates of joint K (XSk, YSk, Zsk) which lies on the desired surface,

Xsk2 + Ysk2 + ZSk2 -Rs2=0 (5.6)
can be solved from Equations 5.4 to 5.6. For example, the unknown coordinates of
joint 8 (K) in Fig. 5.3 can be derived from the known coordinates of joints 2 (I) and 5
(J) in Fig. 5.3.
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If there are total of Ns joints on a quarter dome surface, it can be derived that t
only (Ns - 2Nsa + 1) unknown joints. The number of unknowns is 3(NS - 2Nsa + 1)
and the number of equations is also 3(NS - 2Nsa + 1)- This means that the 3(NS - 2Nsa
+ 1) unknowns can be solved from the 3(NS - 2NSa + 1) equations.
As described in Chapter 3, the solution of Equations 5.4 to 5.6 can be solved by a
nonlinear optimization program (Li and Ding 1990), or by a general purpose commercial
program such as Mathematica (Ellis and Lodi 1991). If it is solved by a nonlinear
optimization program, the objective function f(x) of this problem can be defined as
Nsn
fix) = E
I «J[(Xsk " *sif + (X* ~ Ysi)2 + (Zsk - Z,) 2 ]- Ls I
k=l
Nsn
+X

I ^[(Xsk-X.)2

+ (Ysk-Y.)2 + (Zsk-Zsj)2]-Ls

I

(5.7)

h=l
The constraints are
G(x)k = Xsk2 + YSk2 + Zsk2 - Rs2 = 0; for k=l,2, , Nsn (5.8)
where Nsn = Ns - 2Nsa + 1 is the total number of non-axis joints on the quarter dome
surface.

5.1.3 Boundary Joints and Chords on Surface of the Dome
Because all top chords should have the regular length Ls, some bound<ary joints
determined by Equations 5.4 to 5.6 m a y not he on the boundary of the dome. It is
necessary to move these joints that are near to the boundary of the dome to the boundary
in order to form a complete spherical dome. This movement can be carried out by
adjusting the joint coordinates to suit Equation 5.2. A s the coordinates of boundary
joints are adjusted, the relevant chords or members on or near the boundary have a nonregular length. The non-regularity can be reduced by making the four chords in a
quadrilateral grid only have two different lengths.
Fig. 5.3 gives an example of adjusting the positions of the boundary joints. Where
joints connected by the dashed lines are the original positions and the joints connected
by the plain lines are the positions after adjustment.
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5.1.4 W e b Joints and M e m b e r s
To achieve a high degree of regularity in the positions and sizes of all web members and
joints, all non-boundary web members should have the same length and the same
relative position respective their connecting surface joints. Also, the boundary web
members should be as regular as possible.

The non-boundary web joints can be determined by letting all the four members
web joint K have the same regular length Lw. That is,

VK** -X*f + (Ywk ~ Yskf + (Zwk -Zski)2]- Lw = 0;
for i = 1, 2, 3,4 (5.9)
where (XWk> YWk> ZWk)

are me

coordinates of a web joint K; (XSki , YSki , ZSki

from 1 to 4, are the coordinates of surface joints that connect with K; and Lw is the
regular length of a web member.

The solution of Equation 5.9 can also be expressed as a constrained optimizati
problem in which the value of the objective function is near to zero. The objective
function/(*) can be defined as

fM=l I I VKX* - Xsk? + (Ywk - Yski)2 + (Zwk - Zj\ - Lw I (5.10)
k = li = l
where Nwn is the total number of non-boundary web joints in a quarter dome.

To keep all web joints at the same depth below the desired spherical surface,
joint needs also lie on a sphere whose radius is Rw. Rw can be easily determined by Rs,
Ls and Lw. The constraints are,

G(x)k = Xwk2 + Ywk2 + Zwk2 - Rw2 = 0;

fork =1,2, ,Nwn (5.11)
The boundary web joints can also be determined using Equations 5.10 and 11 by
requiring LWi to be as close to Lw as possible. Based on the above coordinates of the
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joints, all chords and members on the d o m e can be automatically generated by means of
a program determining the distance between any two joints. A space geometric model of
the d o m e is established as soon as all joints, chords and members on the d o m e are
determined.

5.2 PLANAR GEOMETRIC MODEL OF SSB DOME
The planar geometric model of a post-tensioned and shaped space truss can be obtained
by flattening the space geometric model of the structure (if a planar geometric model
exists). It is essential for a planar layout to satisfy the geometric compatibility condition
with the space geometric model (Schmidt and Li 1995a).

5.2.1 Developability of an SSB Post-Tensioned and Shaped Dome
A s indicated in Chapter 3, the developability of an S S B post-tensioned and shaped dome
with a spherical surface to a planar layout is possible when the discrete trass members
can allow adequate in-plane and out-of plane movements between members to occur
during the truss formation process. However, there still are limitations to the
developability of an S S B post-tensioned and shaped dome.

(1) the theoretical developability of an SSB post-tensioned and shaped dome depends on
the relationship between the m e m b e r lengths and the height/span ratio of a dome, and it
can be determined by the existence of a space geometric model and/or a planar geometric
model. If the relative lengths of the members are small enough, Equations 5.4 to 5.6 will
have solutions. This means a space geometric model exists. If Equations 5.4 to 5.6 do
not have solutions, reducing the lengths of the members or the height/span ratio of the
dome will allow a space geometric model to exist.

(2) the practical developability of an SSB post-tensioned and shaped dome depends on
its m a x i m u m elastic deformation extent, which is determined by the characteristics of the
top chords and their joints, e.g., the structural response of the top chords, therigidityof
the top chords joints (Schmidt and Li 1997a).

Therefore, a suitable way to design an SSB post-tensioned and shaped dome is that
based on the m a x i m u m elastic deformation extent of its top chords and/or their joints to
establish its space geometric model. The m a x i m u m elastic deformation extent of the top
chords and/or their joints can be obtained by individual specimen tests, which procedure
was carried out in this Chapter.
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5.2.2 N o n - b o u n d a r y Joints a n d Chords
Because all non-boundary surface chords have the same regular length Ls and all nonboundary w e b members have the same regular length Lw in the space geometric model,
the layout of the non-boundary part of the dome can be easily obtained by changing the
space surface regular quadrilateral grids into planar square grids, and the webs into right
pyramids.
5.2.3 Boundary Joints and Chords
W h e n the coordinates of all non-boundary joints are known, coordinates of all the
boundary joints can be derived. B y minimizing the length difference of every boundary
chord between the space and the planar geometric models, the planar geometric model
can be established.

To determine the positions of the surface boundary joints in the planar geometric m
a nonlinear optimization method can also be employed. The objective function f(x) is,
Nsb

^Kxsi-xsn)2+(ysi-ysn)2]-Lsi\

fM = Z
i=l
Nsb
+ Z

^[(xSi-xsi2)2

+ (ysi-ysi2)2]-Lsi\

(5.12)

i=l

where (xSi, ysi) are the unknown coordinates in the planar condition for the i-th
boundary joint; (xsu, ysu), (xSi2. ysii) are the coordinates of k n o w n joints that connect
with joint I in the planar condition. The constraints are,

G(x)i = Nsa-Ls - 0.5LS - -\jxsi2 + ysi2 < 0; for i = 1, 2,

, iV wn (5.13)

Sjimilarly, to determine the position of a boundary web joint J in the planar geome
model, it is necessary to niinimize the length differences of the four w e b members that
connect J between the space and the planar geometric models. The optimum objective
function f(x) can be defined as
Nwh*
/ W = I
I
j=li=l

I^

w j

~xSji? + (ywj -ySjif -(zwj -zsji)2]- Lwj I
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where {xwjt ywjy zwj ) are the unknown coordinates in the planar condition for the j-th
boundary joint; (xsjh ysjl), (xsj2, ysj2), (xsj3, ysj3) and (xsj4, ysj4) are the known
coordinates of surface joints that connect with joint J in the planar condition; and Lwj is
the non-regular length of the chords that connect joint J in the space geometric model.
The constraints are,

G(x)j = zwj < 0; for j = 1, 2, , Nwb (5.15)

According to the planar coordinates of the joints given above, all members on th
can also be automatically generated by means of a program determining the distance
between any two joints, and consequently the planar geometric model of the dome can
be established.

It should be noted that a planar geometric model that satisfies the geometric c
condition (Schmidt and Li 1995a) with the space geometric model may not exist, i.e.,
Equations 5.12 to 5.15 may not have solutions. In such a case, reducing the lengths of
the members or the height/span ratio of the space geometric model can allow a planar
geometric model to be obtained. However, within the limitation of the maximum elastic
deformation extent of the top chords and/or their joints, the space and planar geometric
models of a practical dome can be successfully obtained with the above method.

5.3 SHAPE FORMATION STUDIES OF SSBD 1

The principal objective of the studies on SSBD 1 is to form a true part-spherica
from a flat condition. The shape formation studies of S S B D 1 can be divided into the
following three parts: (1) establishing the space geometric model and the planar
geometric model by means of an optimization method; (2) shape formation analysis by
means of the finite element method; and (3) shape formation test based on the above
theoretical work.

5.3.1 Space Geometric Model and Planar Geometric Model of SSBD 1
The proposed span of S S B D 1 is 3080 m m ; the height is 550 m m ; the rise is 220 m m ;
and the radius of the dome surface is 5390 m m . According to the above parameters, the
dome is meshed with 60 top chords and 96 web members by means of an optimization
method (Li and Ding 1990). The length of a regular top chord is 520 m m and the length
of a regular web member is 525 m m . The proposed space shape (space geometric
model) of S S B D 1 is shown in Fig. 5.4.
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(a) Side View

(b) T o p View
Fig. 5.4 Space Geometric Model of SSBD 1

The planar geometric model (planar layout) of SSBD 1, as shown in Fig. 5.5, i
from the space geometric model. The joint coordinates in a quarter planar layout are
given in Table 5.1 with the joint positions shown in Fig. 5.6. It can be seen that the
layout of the members in S S B D 1 is highly regular: 36 among 60 top chords (60%), and
80 among 96 web members (84%) have a regular length (the greater the number of
chords and members involved in such a structure, the higher the degree in regularity),
and there are only 4 types of top chords and 6 types of web members. The high degree
in regularity can provide economical advantages in simplifying the fabrication.
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Fig. 5.5 Planar Layout of S S B D 1
In the initial planar layout, the total number of top chords and web members b is 156; the
total number of joints j is 61 (37 surface joints and 24 w e b joints). Assuming a pinjointed truss and that the number of overall restraints r is 7 (the imnimum number to
prevent a structure from rigid body movement is 6), and substituting them into the
Maxwell criterionR = b -(3j - r), a n d R - S + M = 0 (Calladine 1978), it is found that
the structure includes 20 independent mechanisms ( M =20, R = -20) before the posttensioning operation (as the number prestress states S = 0). This means that 20 members
need to be added to the planar layout in order to form a stable structure that is just
statically determinate (Af = 0).
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Fig. 5.6 Joint Positions of a Quarter Planar Layout of S S B D 1
Table 5.1 Coordinates of Joints for S S B D 1 ( m m )
Joint

X

Y

Z

Joint

X

11
12

1040.0

Y

Z
0.0
0.0

1
2

0.0

1560.0

447.4

1448.0

0.0
0.0

3

0.0

1040.0

0.0

13

1560.0

0.0
0.0
0.0

4

520.0

1040.0

0.0

14

230.2

1266.9

-410.0

5

1096.4

1096.4

0.0

15

260.0

780.0

-375.0

520.0

0.0

6

0.0

520.0

0.0

16

901.0

901.0

-410.0

7

520.0

520.0

0.0

17

260.0

260.0

-375.0

8
9

1040.0

520.0

18

780.0

260.0

-375.0

1448.0

447.4

0.0
0.0

19

1266.9

230.2

-410.0

0.0

0.0

10

0.0

Note: T h e positions of the joints are shown in Fig. 5.6.
5.3.2 Post-Tensioning M e t h o d of S S B D 1
Comparing the space geometric model with the planar geometric model, it can be found
that there are many changes possible in the distances between some two joints in the
curved space shape and in the planar layout. However, only a few are necessary to
suppress mechanisms for the required shape formation of the post-tensioned and shaped
space dome among the possible distance changes, according to the Maxwell criterion
(Calladine 1978). The principal objective of the post-tensioning method is to select the
128

Chapter 5 Space-Shape-Based Domes

most appropriate M independent mechanisms from the m a n y possible distance changes.
Obviously, several potential post-tensioning layouts exist in the given planar
arrangement of members.

The selection of the most convenient post-tensioning method, both from a practical and
from a structural point of view, is still an open question. However, the basic criterion
for selecting a post-tensioning method should be whether a structure can obtain its
desired space shape by inserting members too short and then closing the gaps, and
whether large stresses are induced during the post-tensioning process. T o investigate the
feasibility of a proposed post-tensioning method, a finite element analysis is helpful. The
results of afiniteelement analysis will indicate whether the planar layout can be
deformed to the desired space shape by the proposed post-tensioning method, whether
large stresses are induced during the post-tensioning process, and give the values of the
post-tensioning forces.

Based on the number of mechanisms (M =20), a post-tensioning method, as shown in
Fig. 5.5, is proposed for S S B D 1. Eight peripheral gap top chords and twelve short
bottom chords are added to the planar layout as indicated with thick lines in Fig. 5.5. If
all the gaps close after the post-tensioning operation, the total number of members b will
become 176, while the total number of joints j remains 61. In this case, M = 0 and R =
0, i.e., the d o m e has no mechanism left after post-tensioning. If additional restraints are
added, the d o m e will become statically indeterminate (R > 0). The above results show
that the proposed post-tensioning method satisfies the mechanism condition (Schmidt
and Li 1995a).

5.3.3 Finite Element Analyses
A finite element analysis is used to investigate the feasibility of the proposed posttensioning method. Because the deformed shape of the post-tensioned and shaped d o m e
is different from its original flat geometry, the shape formation process induces large
deformations, and the analysis is highly nonlinear geometrically and m a y also be
materially nonlinear. T o consider the nonlinearity of the structural behaviour during
shape formation, the program M S C / N A S T R A N (1995) is employed. T h e analysis
commences with the initial configuration of the planar layout in which all the top chords
are horizontal.

The first step in the finite element analysis is to establish an accurate finite element
model. T h e S S B D 1 is analyzed with twofiniteelement models. In model 1, all
members, including top chords, w e b members and bottom chords, are modelled as pinconnected rod elements. There are a total of 61 joints and 176 rod elements in model 1.
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In model 2, the non-gap top chords are modelled as a series of straight and uniform
beam elements. The short members and w e b members are modelled as pin-connected
rod elements. There are a total of 61 joints, 60 beam elements and 116 rod elements in
model 2. The joint positions of the finite element models are shown in Fig. 5.7.

Fig. 5.7 Joint Positions in the Finite Element M o d e l for S S B D 1

In the finite element analyses, the geometry and material properties of elements
same as in the test dome. The top chords in S S B D 1 are made of 13 x 13 x 1.8 m m
square hollow steel (SHS) tubes, while the w e b members are made of 13.5 x 2.3 m m
circular hollow steel ( C H S ) tubes. The properties of the steel are as follows: Young's
modulus E = 200 GPa, Poisson's ratio v = 0.3; the yield stress is 450 M P a for the top
chords, and 440 M P a for the w e b members, determined according to the experimental
results (refer to Appendix B).

One problem in the shape formation analysis is how to simulate the closing of the
caused by inserting too short members. Here, the closing of the gaps in the bottom
chords and some top chords is simulated with a thermal load. The too-short members, as
shown in Fig. 5.5, are given fictitious different thermal coefficients in proportion to the
values of gaps, as listed in Table 5.2. The top and bottom joints that connect the short
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members are given a uniform thermal load of -10°C. The thermal load is divided into 30
load steps in the finite element analyses.
Table 5.2 Gaps and Thermal Coefficients of Gap-Members in S S B D 1
Ll

L2

L3

Original Length ( m m )

460.4

764.1

738.1

Value of Gap ( m m )

36.4

64.6

12.3

Thermal Coefficient

0.00790

0.00846

0.00167

Note: The positions of the members are shown in Fig. 5.5.
The results of finite element analyses show that both models achieve the space shape
obtained by an optimization method (Schmidt and Li 1995a), with tolerances within 1 %.
At the last load step (step 30), the overall height of S S B D 1 is 548 m m and the surface
rise is 218 m m . The surface span is 3080 m m , and all surface joints are within the space
formed by the two spheres with the radii of 5382 m m and 5396 m m , respectively.

The in-plane deformation of the SSBD 1 at the last load step (step 30) is sh
5.8. The deformed shapes along Section A-A in Fig. 5.5 at different load steps are given
in Fig. 5.9.

Fig. 5.8 Original and Deformed Shapes of S S B D 1 (Plan View)
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Step 10

Step 20

Step 30
Fig. 5.9 Deformed Shapes of SSBD 1 at Different Load Steps
At the last load step (step 30), the maximum theoretical post-tensioning force
a gap is 65 N in model 1, and is 4.4 k N in model 2. With model 1, the maximum axial
force is 54 N and occurs in member Tl in Fig. 5.5. With model 2, the maximum axial
force is 2.2 k N and occurs in member T 2 in Fig. 5.5. Theflexuralstresses are almost
zero in model 1 and are greater than the yield stress in model 2 for most top chords.
5.3.4 Shape Formation Test of SSBD 1
The experimental planar layout of S S B D 1, as shown in Fig. 5.10, is a modified SingleChorded Space Trass (SCST), a space trass with a single layer of chords, together with
out-of-plane web members. As shown in Fig. 5.6, the two top chords and four w e b
members in the non-regular pyramidal units are adjusted to suit the circular boundary of
S S B D 1. The planar layout was assembled on the floor from a single-layer mesh grid of
top chords and pyramidal units of web members. All of the non-gap top chords of the
dome were continuous. One series of continuous chords was placed over the other
continuous series, and bolted together with 6 m m high tensile cap screws. The ends of
the continuous top chords were bent in the horizontal plane in order to form the
quadrilateral meshes shown in Fig. 5.6. Four web members were welded to a c o m m o n
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bottom joint to form a pyramidal unit. The pyramidal units were also bolted to the top
chords with 6 m m high tensile cap screws. The top and bottom chords in S S B D 1 are
the same as those used in the previous hypar truss (Fig. 4.7 and 4.8).

Fig. 5.10 Planar Layout of Test S S B D 1
The tubular bottom chords were also made of 13 x 13 x 1.8 SHS steel tube and were
assembled to the planar layout by high tensile strands. For simplicity, only four high
tensile strands were used to assemble the 12 shorter tubular bottom chords to the planar
layout. A s shown in Fig. 5.11, each tensile strand passed through four edge bottom
joints and through three shorter tubes.

Fig. 5.11 G a p s Created by Short Bottom Chords and a Sliding T o p C h o r d
in Planar Layout of S S B D 1
To reduce arching of the bottom chords during post-tensioning, each end of a bottom
chord had a chamfer. The angles of the chamfers were calculated according to the results
of the finite element analysis, with the assumption that the faces of the bottom joints
would "just touch" with the ends of the bottom chords at the end of the post-tensioning
operation.
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The gap top chords were made of two different size S H S steel tubes as shown in Fig.
5.11. The smallerrigidtube could slide freely in the larger one. During the shape
formation test, the gap top chords were not tensioned. It was expected that the overall
length of such combined gap top chords could change to the desired value as the gaps in
the bottom chords were closed. Also, it was to see whether all the gap members need to
be tensioned during the shape formation process to form a desired space shape from a
planar layout.

The post-tensioning procedure began with the planar layout in its initial po
the top chords were flat. A hydraulic jack was used to apply an axial force to the
individual strands that each passed through three tubular bottom chords. During the
post-tensioning procedure, the supports of the dome were the peripheral bottom joints,
which were free to slide horizontally and to rotate. The average of the four posttensioning forces that each closed three gaps in the bottom chords was 2.1 k N .
Therefore, the post-tensioning force for closing a gap was 700 N.

It was calculated that the theoretical post-tensioning force for closing a g
with model 1 and 2.2 k N with model 2. Compared with the theoretical post-tensioning
forces, the practical post-tensioning force was between the predictions given by model 1
(rod top chords and rod web members) and model 2 (beam top chords and rod web
members). This indicates that the practical joints in the test dome were semi-rigid.

5.3.5 Comparison between Shape Formation Test and Analyses
The test S S B D 1 is shown in Fig. 5.12, and its theoretical and experimental surface
shapes and positions are given in Fig. 5.13. The principal dimensions of S S B D 1 are

Fig. 5.12 Space Shape of Test S S B D 1
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Fig. 5.13 Shapes and Positions of Top Chords in S S B D 1 along

Different Directions (Section A-A, B-B and C-C are Defined in Fig 5.5
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listed in Table 5.3. It was found that the test d o m e did not have a true part-spherical
surface. In plan, it was more like an oval due to the curvatures along the two directions
A and B in Fig. 5.5 not being the same. Both the periphery of the top surface and the
periphery formed by the bottom chords was not a circle but an ellipse. The overall .height
of the experimental d o m e was 568 m m . Compared with the theoretical overall height of
548 m m , the difference was 3.6%.

Table 5.3 Span Dimensions of S S B D 1 ( m m )

Theory
Span

Surface Periphery

Test

Bottom Periphery

Surface Periphery Bottom Periphery

Span A

3080

2352

3110

2390

SpanB

3080

2352

3063

2335

SpanC

3078

2350

3080

2365

Note: T h e directions of the spans are shown in Fig. 5.5.

The difference between the theoretical and experimental space shapes of S S B D 1 can be
attributed to the existence of more mechanisms in S S B D 1 than the mechanisms
practically controlled by the post-tensioning operation, and the slight position difference
in the levels of the top chords in the two directions. The gap top chords, which were
expected to slide to the desired length w h e n the gaps in the bottom chords closed,
actually had different lengths at the end of the post-tensioning operation. This meant that
the movements of the eight mechanisms in the gap top chords had not been efficiently
controlled. Because the top chords had bolt holes at joint positions, and because the top
joints were weaker than the members, the structural behavior of S S B D 1 was more like
that of a pin-jointed structure. W h e n the mechanisms were not sufficiently controlled,
such a planar layout could not be deformed to the space shape predicted with the beam
top chord finite element model. Because the top chords were continuous and one series
of continuous chords was placed over the other continuous series, the bending moments
in the upper layer of top chords were larger than those in the lower one. In a structure in
which independent mechanisms exist, such a structural difference is enough to induce a
significant difference in deformations. A s a result, the curvatures along the two
directions A and B were not the same. The planar layout could not be deformed to a true
part-spherical surface as predicted by theoretical analyses in which all mechanisms were
effectively controlled in an all-rod element model.

It was found that the space shape of SSBD 1 was achieved principally by the in-plane
rotation and the out-of-plane flexural deformation of top chords at the joints. The
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segments of the top chords between panels remained straight axially in-plane, although
square meshes of top chords deformed to rhombic forms. All the deformations in test
S S B D 1 were within the yield limit of materials, because the release of the posttensioning force caused the d o m e toflattento a planar layout "again. Although the
experimental flexural stresses were unknown, the stresses were different from the
theoretical predictions. While thefiniteelement analysis using beam top chord elements
overestimated the flexural stresses (the theoreticalflexuralstresses in most of the top
chords are greater than the yield stress of the material), the finite element analysis using
rod top chord elements underestimated them (the theoreticalflexuralstresses in all the
members are near to zero). T o obtain a better description for the initial forces in posttensioned and shaped steel structures, afiniteelement program that considers the semirigid characteristic of the top chord joints is desirable.

5.4 SHAPE FORMATION STUDIES OF SSBD 2
The planar layout of SSBD 2 is the same as that of SSBD 1, except the eight gap top
chords are removed. The principal objective of the studies on S S B D 2 is to investigate
its m a x i m u m deformation extent. T h e studies on S S B D 2 include shape formation
analysis and test.

5.4.1 Finite Element Analysis of SSBD 2
Like S S B D 1, the shape formation analysis of S S B D 2 is also carried out using the
program M S C / N A S T R A N (1995). The geometry and material properties of elements are
the same as that in S S B D 1. Because there are eight mechanisms existing in S S B D 2, the
all-rod element model cannot furnish a unique deformed shape. Therefore, all top chords
are modelled as a series of straight and uniform beam elements. All the w e b members
and bottom chords are modelled as pin-connected rod elements. There are a total of 61
joints, 60 b e a m elements, and 108 rod elements in the finite element model. The analysis
commences with the initial configuration of the planar layout in which all the top chords
are horizontal.

The thermal coefficients for the bottom chords are the same as listed in Table 5.2.
the bottom joints that connect the bottom chords are given a uniform negative thermal
load. Because the objective of the shape formation analysis of S S B D 2 is to investigate
its m a x i m u m elastic deformation extent, the values of the gaps are unknown. In the finite
element analysis, a large uniform negative thermal load is given. The thermal load of 18°C is divided into 50 load steps in the finite element analysis. At the last load step
(step 50), the m a x i m u m axial force in the top chords is -23.4 k N and occurs in m e m b e r
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T 3 in Fig. 5.5. The m a x i m u m axial force in the w e b members is -22.9 k N and occurs in
member W l in Fig. 5.5. Again, theflexuralstresses in most of the top chords are
beyond the yield strength of the material.

At the last load step (step 50), the values of the gaps in Ll and L2 in Fig. 5.5 ar
m m and 223.8 m m , respectively. The overall height of S S B D 2 is 610 m m and the
surface rise is 350 m m . The surface spans along directions A and B are 2998 m m , and
the surface span along direction C is 3035 m m (because the planar layout is designed for
S S B D 1, the change in gap values in S S B D 2 cannot result in a part-spherical surface,
i.e., to reach a part-spherical surface, the planar layout of S S B D 2 needs to be designed
using equations 5.1 to 5.15). The m a x i m u m post-tensioning force for closing a gap is

12 kN.
5.4.2 Shape Formation Test of SSBD 2
Because the finite element analysis cannot give a reliable prediction for the extent of the
m a x i m u m elastic deformation due to the semi-rigid characteristic of the top chord joints,
the values of the gaps in the test S S B D 2 were increased step by step in the test. The
lengths of the gap members for each of the four steps are listed in Table 5.4. The values
of the gaps at step 4 were equal to those obtained in the last load step (step 50) in the
above finite element analysis. In thefirstthree steps of the test, the space shape of S S B D
2 in plan was still an oval, and the member deformations were within the elastic range.
However, at the end of step 4, two continuous upper top chords yielded at four joints.
This meant that S S B D 2 reached its m a x i m u m elastic deformation due to yielding and
fracture of the top chords at the joints.

Table 5.4 G a p M e m b e r Lengths of S S B D 2 at Different Steps ( m m )

Original

Stepl

Step2

Step 3

Step 4

Ll

460.5

418.0

415.5

403.0

381.8

L2

764.1

699.0

679.0

613.5

540.3

Note: T h e positions of the m e m b e r s are shown in Fig. 5.5.

The space shape of S S B D 2 at the end of the step 4 of the test is shown in Fig. 5.14.
The positions of the four yielded top joints are shown in Fig. 5.15, and the detail of a
failed top chord at a top joint is shown in Fig. 5.16. The average of the four posttensioning forces that each closed three gaps in the bottom chords was 4.6 k N at step 4.
Again, the practical post-tensioning force was different from the post-tensioning force
given by the finite element analysis (12 k N for closing a gap with beam top chord and
rod w e b m e m b e r model).
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• "vuss^.;™.

Fig. 5.14 Space Shape of Test S S B D 2

Fig. 5.15 Positions of Joints at Which Top Chords Fractured

Fig. 5.16 Fractured Top Chord at a Joint of Test S S B D 2
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The theoretical and experimental surface shapes and positions of S S B D 2 are shown in
Fig. 5.17. The principal dimensions of S S B D 2 are listed in Table 5.5. The test dome
did not have a true part-spherical surface. The central part of S S B D 2 was almost flat,
and the curvatures along the two directions A and B in Fig. 5.5 were not the same and
were not smooth. In plan, the periphery of the top surface and the periphery formed by
the bottom chords were ellipses. The overall height of the experimental dome was 682
m m , and its difference from the theoretical overall height was 12%.

Table 5.5 Span Dimensions of S S B D 2 ( m m )
Test

Theory
Span

Surface Periphery

Bottom Periphery

Surface Periphery

Bottom Periphery

Span A

2998

2140

2360

2005

SpanB

2998

2140

2285

1730

SpanC

3035

2233

2310

1963

Note: The directions of the spans are shown in Fig. 5.5.

As explained previously, the difference between the theoretical and experimental space
shapes can be attributed to the existence of the additional mechanisms, and the slight
position difference in the top chords along the two directions. The difference in overall
height (Fig. 5.17) can be attributed to the top chords yielding at four joints. Because two
top chords yielded at the four joints near to the edge, the post-tensioning forces applied
to the bottom chords cannot be efficiently transferred to the central region, and the
deformations of the edge pyramids were large. As a result, the central area was relatively
flat and the edge part was almost vertical in S S B D 2 (Fig. 5.17).

The test SSBD 2 reached its maximum elastic deformation extent as two top cho
yielded and fractured at four joints. This failure demonstrated that the maximum elastic
deformation extent of such a post-tensioned and shaped dome depended on the strength
of the top chords. Because the top chords were weakened by the bolt holes at the joints,
they failed at joint positions.

5.5 SHAPE FORMATION STUDIES OF SSBD 3

The principal objective of the studies on SSBD 3 is to form a uniform-gap dom
maximum elastic deformation extent. The shape formation studies of S S B D 3 includes
the following three parts: (1) development of a post-tensioning method that can
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effectively control all the existing mechanisms in the planar layout; (2) shape formation
analysis by means of thefiniteelement method; and (3) shape formation test.
5.5.1 Post-Tensioning Layout of SSBD 3
The planar layout of S S B D 3 is the same as that of S S B D 1. Because the post-tensioning
layout used in S S B D s 1 and 2 cannot effectively control the movements of the existing
mechanisms, a revised post-tensioning layout is proposed for S S B D 3.

B
Fig. 5.18 Post-Tensioning Layout for S S B D 3

As indicated in Section 3.2, the number of independent mechanisms is 20 in the ini
planar layout. In the new post-tensioning layout, all the twenty independent mechanisms
are controlled with initially too-short bottom chords and cables. The twenty short chords
are connected to selected bottom joints by four cables as indicated with thick lines in Fig.
5.18. S S B D 3 is post-tensioned with the four cables along the two directions A and B in
Fig. 5.18. If all the 20 gaps close, then no mechanism exists after the post-tensioning
operation. Because all the 20 too-short bottom chords are post-tensioned, the n e w posttensioning layout effectively controls all of the existing mechanisms in the planar layout.
After the initially too-short bottom chords are closed, the number of independent
mechanisms becomes zero.
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5.5.2 Finite Element Analyses of S S B D 3
S S B D 3 is analyzed with two finite element models in which all the top chords are
horizontal initially. In model 1, all members, including top chords, web members and
bottom chords, are modelled as pin-connected rod elements. There are a total of 61 joints
and 176 rod elements in model 1. In model 2, the top chords are modelled as a series of
straight and uniform beam elements. The bottom chords and web members are modelled
as pin-connected rod elements. There are a total of 61 joints, 60 beam elements and 116
rod elements in model 2. The positions of the joints in the finite element models are
shown in Fig. 5.19.

Fig. 5.19 Joint Positions in Finite Element Model for S S B D 3

Table 5.6 Gaps and Thermal Coefficients of Gap-Members in S S B D 3

Ll

L2

L3

Original Length ( m m )

520.0

520.0

489.0

Value of Gap ( m m )

150.0

150.0

150.0

Thermal Coefficient

0.00722

0.00722

0.00768

Note: The positions of the members are shown in Fig. 5.18.
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In the finite element analyses, the closing of the gaps in the bottom chords is simulated
with an artificial thermal load. Because the objective of the shape formation analysis of
S S B D 3 is to investigate its m a x i m u m elastic deformation extent, all the gaps in S S B D 3
are given the same value of 150 m m (about 3 0 % of their original planar lengths). The
bottom joints that connect the bottom chords are given a uniform negative thermal load
of -40°C. The too-short members are given different artificial thermal coefficients in
proportion to their original lengths, as listed in Table 5.6.

The artificial thermal load of -40°C is divided into 80 load steps in the finite el
analysis. At the last load step (step 80), the theoretical post-tensioning force for closing
the five gaps on a cable is 1.2 k N in model 1, and is 46 k N in model 2. With model 1,
the m a x i m u m axial force in the top chords is -281 N , and occurs in top chord T 3 in Fig.
5.18. The m a x i m u m axial force in the w e b members is 344 N , and occurs in member
W l in Fig. 5.18. With model 2, the m a x i m u m axial force in the top chords is -16.9 k N
and occurs in m e m b e r T 3 in Fig. 5.18. The m a x i m u m axial force in the w e b members is
22 k N , and occurs in member W l in Fig. 5.18. Again, theflexuralstresses are almost
zero in model 1, and are greater than the yield stress of the material for most top chords
in model 2.

The space shapes obtained from the both finite element analyses are almost the same
differences are less than 0.1%). At the last load step (step 80), the overall height of
S S B D 3 is 972 m m , and the surface spans along the two directions A and B in Fig. 5.18
are the same with a value of 2609 m m . The surface span along direction C in Fig. 5.18
is 2310 m m (with such a planar layout, uniform gaps cannot result in a part-spherical
surface). D u e to the large deformations, all the bottom joints are raised in space, and the
edge top joints become the lowest points. The surface rise is equal to the overall height
in S S B D 3.

5.5.3 Shape Formation Test of SSBD 3
S S B D 3 had the same planar layout as S S B D 1, but a different post-tensioning layout.
The 20 shorter tubular bottom chords were assembled to the planar layout by four high
tensile strands. A s shown in Fig. 5.18, each tensile strand passed through six bottom
joints and through five shorter tubes. The tubular bottom chords were m a d e of 13 x 13 x
1.8 S H S steel tube. T o reduce arching of each of the bottom chords during posttensioning, each end of a bottom chord had a chamfer. All the bottom chords in S S B D 3
were cut 150 m m shorter than the planar distance between the bottom joints to which
they were connected. The lengths of the bottom chords were equal to those obtained in
the last load step (step 80) in the previousfiniteelement analyses.
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The post-tensioning procedure began with the planar layout in its initial position, i.e., all
the top chords were flat. A hydraulic jack was used to apply an axial force to the
individual strand that passed through thefivetubular bottom chords. At the initial stage
of the post-tensioning procedure, the supports of the dome were the peripheral bottom
joints which were free to slide horizontally and to rotate. At the last stage, due to the
large deformations, all the bottom joints were raised in space, and the edge top joints
become the support points. The average of the four post-tensioning forces in a cable that
closed each set offivebottom chord gaps was 22 kN, which was different from that
given by finite element analyses (1.2 k N in model 1 and 46 k N in model 2).

Fig. 5.20 Space Shape of Test S S B D 3

Fig. 5.21 A Fractured T o p Chord Joint in Test S S B D 3
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The space shape of test S S B D 3 is shown in Fig. 5.20. At the end of the test, S S B D 3
reached its maximum elastic deformation. As in S S B D 2, two continuous upper top
chords yielded at four joints. Also, one bottom joint fractured due to the large shear
force and a material imperfection of the connecting bolt. The fractured bottom joint also
caused the buckling of a top chord. The details of a fractured top and the bottom joint are
shown in Figs. 5.21 and 5.22, respectively. The failed top chord is shown in Fig. 5.23.
The positions of the four fractured top joints and one fractured bottom joint, as well as
the failed top chord, are shown in Fig. 5.24.

Fig. 5.22 The Fractured Bottom Joint in Test S S B D 3

Fig. 5.23 The Buckled T o p Chord in Test S S B D 3
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Fractured joint

B —

Buckled top chord

Fig. 5.24 Positions of Fractured Joints and Buckled Top Chord
The principal dimensions of SSBD 3 are listed in Table 5.7. The theoretical
experimental surface shapes and positions of S S B D 3 are shown in Fig. 5.25. It can be
seen that the curvatures along the two directions A and B in Fig. 5.18 were the same in
both the test and analyses, but different from that along direction C (with such a planar
layout, uniform gaps cannot result in a part-spherical surface). From Fig. 5.25 it can be
seen that the experimental shape of S S B D 3 agrees well with the theoretical predictions.
In terms of overall height, the difference between theory and test is less than 1 % (the
theoretical and experimental overall heights were 972 m m and 970 m m , respectively.
Table 5.7 Span Dimensions of S S B D 3 ( m m )

Test

Theory
Span

Surface Periphery

Bottom Periphery

Surface Periphery

Bottom Periphery

Span A (B)

2609

1522

2630

1580

SpanC

2310

1409

2310

1345

Note: The directions of the spans are shown in Fig. 5.18.
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Fig. 5.25 Shapes and Positions of T o p Chords in S S B D 3 along
Different Directions (Section A - A and C-C are Defined in Fig. 5.18)

5.5.4

Discussion

The test results show that the post-tensioning method used in S S B D 3 can control all the
existing mechanisms, and that the experimental shape of S S B D 3 agrees well with the
theoretical predictions. This indicates that when the movements of the existing
mechanisms are efficiently controlled during the post-tensioning operation, a planar
layout can be deformed to a surface predicted by theoretical analysis, even if the joint
stiffness is low as that in S S B D 3. Furthermore, it confirms the conclusion obtained
from the test results of S S B D s 1 and 2, i.e., a necessary condition to form a desired
space shape from a planar layout with low joint stiffness is that the movements of all the
existing mechanisms must be effectively controlled.

It was found that the fracturing of joints and the buckling of the top chord
small effect on the space shape of S S B D 3. Except for the buckled top chord, the test
dome had a smooth surface. The radii of curvature along the two directions A and B in
Fig. 5.18 were almost same (the difference was less than 5 m m ) . This demonstrated that
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such a post-tensioned and shaped dome is not sensitive to geometrical imperfections
during the shape formation process. The relatively small geometrical imperfections in
member sizes have a neglectable effect on the space shape. Such an insensitivity to
geometrical imperfections can provide economical advantages in the fabrication of posttensioned and shaped space trusses. With a lower requirement of standards in the
member tolerances than is usual for such structures, the fabrication cost will be lowered.
SSBD 3 reached its maximum elastic deformation extent principally due to two top
chords yielding and fracturing at four joints (the fracture of the bottom joint and buckling
of the top chord were an accident due to material imperfections). Because the top chords
were weakened by the bolt holes at the joints, they failed at joint positions. This test
illustrates that the m a x i m u m elastic deformation depends on the strength of the top
chords and their joints.

According to analyses and test, the space shape of SSBD 3 is principally determin
the post-tensioning layout (i.e., positions and values of gaps). The characteristic of the
top joints (e.g., pin-connected, rigid or semi-rigid) only has very small effect on the
space shape, but it affects theflexuralstresses and the post-tensioning force. The finite
element analysis using beam top chord elements overestimates theflexuralstresses, and
the analysis using rod top chord elements underestimates them. Because the maximum
elastic deformation of such a post-tensioned and shaped domefinallydepends on the
strength of the top chords and their joints, a finite element program that considers the
semi-rigid characteristic of the top joints is desirable in order to determine the forces in
the shape formation analysis.

5.6 SHAPE FORMATION STUDIES OF SSBD 4

Because some top chords yielded and fractured at top joints in both SSBDs 2 and 3,
new type of top joint is developed for S S B D 4 to improve the structural performance.
Like S S B D 3, S S B D 4 is also a uniform-gap dome. The studies on S S B D 4 include the
shape formation analyses and test.
5.6.1 Planar Layout of SSBD 4
The experimental planar layout of S S B D 4 is shown in Fig. 5.26. The shape of the
planar layout for S S B D 4 is similar to that for S S B D 1 but it has a different size. The
overall dimensions of the planar layout are shown in Fig. 5.27, and the coordinates of
the joints in a quarter planar layout (Fig. 5.28) are given in Table 5.8. The length of a
regular top chord is 491 m m and the length of a regular web member is 483.5 m m . The
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Fig. 5.26 Planar Layout of S S B D 4

(a) Plan View

.5 mr
336.5
mm
(b) Section A-A
5.27 Post-tensioning Method for S S B D 4
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top and bottom chords are made of 13 x 13 x 1.8 m m square hollow steel (SHS) tubes,
and the web members are made of 13.5 x 2.3 m m circular hollow steel (CHS) tubes.
The properties of the steel are as follows: Young's modulus E = 200 GPa, Poisson's
ratio v = 0.3; the yield stress is 450 M P a for the top chords, and 440 M P a for the web
members determined according to the experimental results (Appendix A).

Fig. 5.28 Joint Positions of a Quarter Planar Layout of S S B D 4
Table 5.8 Coordinates of Joints for S S B D 4 ( m m )
Joint

X

Y

Z

Joint

X

Y

Z

1

0.0

1473.0

0.0

11

491.0

0.0

0.0

2

458.4

1440.4

0.0

12

982.0

0.0

0.0

3

0.0

982.0

0.0

13

1473.0

0.0

0.0

4

491.0

982.0

0.0

14

245.5

1227.5

-336.5

5

1041.6

1041.6

0.0

15

245.5

736.5

|_ -336.5

6

0.0

491.0

0.0

16

868.0

868.0

-288.0

7

491.0

491.0

0.0

17

245.5

245.5

-336.5

8

982.0

491.0

0.0

18

736.5

245.5

-336.5

9

1440.4

458.4

0.0

19

1227.5

245.5

-336.5

0.0

0.0

10

0.0

Note: The positions of the joints are shown in Fig. 5.28.
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Fig. 5.29

Fig. 5.30

T h e T o p Joint of Test S S B D 4

T h e Deformed T o p Joint of Test S S B D 4

Fig. 5.29 shows the details of a typical top joint used in SSBD 4. The primary
consideration for the top joints is to improve the strength of top chords at top joint
positions, and to avoid the eccentricity between the top chords in the two orthogonal
directions. A s shown in Fig. 5.29, the two orthogonal top chords were drilled and were
bolted together with two 5 m m thick gusset plates by high tensile bolts. The w e b
members were simultaneously bolted to one of the gusset plates by different bolts. The
test of an individual joint has shown that this type of top joint has a better structural
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performance than that used in S S B D 1. It can allow the top chords to have larger rotation
deformation at the joint without fracturing them. The deformed top joint is shown in Fig.
5.30 and the test results can be found in Appendix B.

The planar layout of SSBD 4 was assembled on the floor by connecting pre-fabr
pyramidal units with top chords. In the planar layout, one series of top chords were
continuous members (along direction A in Fig. 5.27), and the other series were discrete
members. The discrete top chords were bolted together with the continuous series by
two 5 m m thick gusset plates at each joint. The web members in the pre-fabricated
pyramids were simultaneously bolted to one of the plates. The bottom joints used in
S S B D 4 were the same as those used in the hypar trass (Fig. 4.8).
The post-tensioning method used in SSBD 4 is the same as that used in SSBD 3.
4 is a uniform gap dome in which all the gaps are given the same value of 68.5 m m . The
20 tubular bottom chords were assembled to the planar layout by four high tensile
strands as shown in Fig. 5.27.
5.6.2 Finite Element Analyses of SSBD 4
S S B D 4 is analyzed with two finite element models in which all the top chords are
horizontal. In model 1, all members, including top chords, web members and bottom

Fig. 5.31 Joint Positions in Finite Element Model for S S B D 4
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chords, are modelled as pin-connected rod elements. There are a total of 61 joints and
176 rod elements in model 1. In model 2, the top chords are modelled as a series of
straight and uniform b e a m elements. The short members and w e b members are modelled
as pin-connected rod elements. There are a total of 61 joints, 60 beam elements and 116
rod elements in model 2. The positions of the joints in the finite element models are
shown in Fig. 5.31.

In the finite element analyses, the closing of the gaps in the bottom chords is als
simulated with a fictitious thermal load. Because S S B D 4 is a uniform-gap d o m e and the
initial length of all the bottom chords is the same, the closing bottom chords are given
the same thermal coefficient as listed in Table 5.9. The bottom joints that connect the
bottom chords are given a uniform negative thermal load of -8.3°C.

Table 5.9 G a p s and Thermal Coefficients of G a p - M e m b e r s in S S B D 4

Ll

L2

L3

Original Length ( m m )

491.0

491.0

491.0

Value of Gap ( m m )

68.5

68.5

68.5

Thermal Coefficient

0.01682

0.01682

0.01682

Note: T h e positions of the m e m b e r s are shown in Fig. 5.27.

Thefictitiousthermal load of -8.3°C is divided into 30 load steps in the finite element
analyses. The space shapes obtained from the two finite element models are the same
(the differences are less than 0.1%). At the last load step (step 30), the overall height of
the S S B D 4 is 612 m m . The surface spans along the two directions A and B in Fig. 5.27
are 2816 m m , and the surface span along direction C in Fig. 5.27 is 2786 m m (as
indicated previously, uniform gaps cannot result in a part-spherical surface with such a
planar layout).

According to the results of the finite element analyses, at the last load step (st
theoretical post-tensioning force for closing a set offivegaps in a cable is 376 N in
model 1, and is 21.2 k N in model 2. With model 1, the m a x i m u m axial force in top
chords is -47 N , and occurs in top chord T 4 in Fig. 5.27. The m a x i m u m axial force in
the w e b members is -51 N , and occurs in member W 2 in Fig. 5.27. With model 2, the
m a x i m u m axial force in top chords is 6 k N and occurs in member T 5 in Fig. 5.27. The
m a x i m u m axial force in the w e b members is 5.5 k N , and occurs in member W l in Fig.
5.27. The flexural stresses are near to zero in model 1, and are larger than the yield limit
of the material for most top chords in model 2.
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5.6.3 Shape Formation Test of S S B D 4
The post-tensioning layout used in S S B D 4 is the same as that used in S S B D 3. The
tubular bottom chords were cut shorter 68.5 m m than their original length. The values of
the gaps they created were equal to those obtained in the last load step (step 30) in the
above finite element analyses.

The post-tensioning procedure began with the planar layout in its initial posi
the top chords were flat. A hydraulic jack was used to apply an axial force to the
individual strands that each passed throughfivetubular bottom chords. During the posttensioning procedure, the supports of the dome were the peripheral bottom joints which
were free to slide horizontally and to rotate. The average of the four post-tensioning
forces that each closed a set of five bottom chord gaps in a cable was 18 kN.

The space shape of SSBD 4 is shown in Fig. 5.32. It was found that the test do
smooth surface, although not a part-spherical surface. The theoretical and experimental
surface shapes and positions of S S B D 4 are shown in Fig. 5.33 (the curvatures along
the two directions A and B in Fig. 5.27 were the same both in the test and analyses).
The principal dimensions of S S B D 4 are listed in Table 5.10. From Fig. 5.33 it can be
seen that the theoretical and experimental shapes of S S B D 4 agree well. In terms of
overall height, the difference between theory and test is less than 1 % (the theoretical and
experimental heights are 612 m m and 617 m m , respectively). This confirms the
conclusions obtained from S S B D 3, i.e., when the movements of the existing
mechanisms are efficiently controlled during the post-tensioning operation, a planar
layout can be deformed to a surface predicted by theoretical analyses.

Fig. 5.32 Space Shape of Test S S B D 4
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5.33 Shapes and Positions of Top Chords in S S B D 4 along

Different Directions (Section A-A and C-C are Defined in Fig 5.27)

Table 5.10 Span Dimensions of SSBD 4 (mm)

Test

Theory
Span

Surface Periphery

B o t t o m Periphery

Surface Periphery

B o t t o m Periphery

Span A (B)

2816

2055

2806

1992

SpanC

2786

2062

2780

2010

Note: The directions of the spans are shown in Fig. 5.27.
The finite element analysis using beam top chord elements (model 2)
prediction for the practical post-tensioning force. The theoretical post-tensioning force
for closing a set offivegaps on a cable is 21.2 kN. In the test, the average of the four
post-tensioning forces that each closedfivebottom chord gaps in a cable was 18 kN.
The difference between theory and test is only 15%. This demonstrates that when the top
joints are strong as those in SSBD 4, the behaviour of the truss is closer to that of a
framed structure.
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After S S B D 4 was released, it is found that there was some plastic deformation existing
in the planar layout. A s shown in Fig. 5.34, the planar layout did not remain a planar
shape but a curved shape with an overall height of 585 m m . The plastic deformation in
S S B D 4 was the same as that occurred in the individual joint test (Fig. 5.30), i.e., it was
principallyflexuraldeflections of the top chords at the top joints. All the members
remained straight between joints.

Fig. 5.34 Plastic Deformation of the Planar Layout after Test SSBD 4
Was Released

5.7 SHAPE F O R M A T I O N STUDIES OF SSBD 5

The principal objective of the studies on SSBD 5 is to investigate the possibility
forming a spherical-like dome from a planar layout. The studies on S S B D 5 include
shape formation analyses by means of the finite element method, and the shape
formation test based on the results of finite element analysis.
5.7.1 Finite Element Analyses of SSBD 5
The planar layout of S S B D 5 is the same as that of S S B D 4, but the bottom chords are
given different gaps to form a spherical-like dome. S S B D 5 is also analyzed with two
finite element models using the program M S C / N A S T R A N (1995). The two models are
the same as those used in S S B D 4 (Fig. 5.31), except that the fictitious thermal load and
thermal coefficients are different.

In the finite element analyses, the closing of the gaps in the bottom chords is s
with a fictitious thermal load. Because S S B D 5 uses the same planar layout as S S B D 4,
its space shape can only be adjusted by the gaps in the bottom chords. The bottom joints
that connect the bottom chords are given a uniform negative thermal load of -14°C. The
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too-short members are given different thermal coefficients based on a "trial and error"
method in proportion to the space shape. The thermal coefficients for different members
are listed in Table 5.11.
Table 5.11 Gaps and Thermal Coefficients of Gap-Members in S S B D 5

Ll

L2

L3

Original Length ( m m )

491.0

491.0

491.0

Value of G a p ( m m )

58.0

55.4

115.6

0.00844

0.00806

0.01682

Thermal Coefficient

Note: The positions of the members are shown in Fig. 5.35.
The thermal load of -14°C is divided into 40 load steps in thefiniteelement analyses.
The space shapes obtained from the twofiniteelement analyses have very small
difference (less than 0.1%). At the last load step (step 40), the overall height of S S B D 5
is 661 m m , and the surface rise is 407 m m . The periphery formed by the bottom chords
is a planar circle with radius of 2000 m m (the tolerances are within 0.1%). However, the
surface spans along the two directions A and B in Fig. 5.35 are 2811 m m , and the
surface span along direction C in Fig. 5.35 is 2720 m m (the edge top joints are not in the
same level). The difference is caused because S S B D 5 is formed from a given planar
layout (SSBD 5 used the same planar layout as S S B D 4) instead of a planar layout that is
derived from the given space shape, as occurred in S S B D 1.

At the last load step (step 40), the theoretical post-tensioning force for closi
five gaps in a cable is 144 N in model 1, and is 14.1 k N in model 2. With model 1, the
maximum axial force in the top chords is -116 N, and occurs in member 1 in Fig. 5.35.
The maximum axial force in the w e b members is -122 N , and occurs in member 8 in
Fig. 5.35. With model 2, the maximum axial force in the top chords is 10.6 k N and
occurs in member 1 in Fig. 5.35. The m a x i m u m axial force in the w e b members is 10.9
kN, and occurs in member 10 in Fig. 5.35. Again, theflexuralstresses are near to zero
in model 1, and are beyond the yielding strength for most top chords in model 2.

5.7.2 Shape Formation Test of SSBD 5
S S B D 5 used the same planar layout and the same post-tensioning method as that used
in S S B D 4. The 20 tubular bottom chords were assembled to the planar layout by four
high tensile strands as shown in Fig. 5.35. The tubular bottom chords were cut shorter
according to Table 5.11.

To measure the member stresses, ten pairs of electrical resistance strain gauges
were used. The strain gauges were placed on both top and bottom sides of the selected
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members (in the midlength) to measure the possible flexural stresses induced by the
rigidity of the top joints during the shape formation procedure. The locations of the
strain gauge pairs are shown in Fig. 5.35.

B
Fig. 5.35 Locations of Strain G a u g e s in S S B D 5
The post-tensioning procedure for S S B D 5 was the same as that for S S B D 4. The gaps
in a cable were not closed simultaneously. The gaps in Ll (Fig. 5.35) werefirstclosed
and the gaps in L 3 were finally closed. At the conclusion of the post-tensioning process,
the average of the four post-tensioning forces that each closed a set of five gaps in a
cable was 13 kN.
The space shape of SSBD 5 is shown in Fig. 5.36. The space shape of the test dome
was mainly formed by the in-plane and out-of-plane deformations of the top chords. The
significant out-of-plane flexural deformations of the top chords occurred at the top chord
joints, similar to the joint test (Fig. 5.30). This phenomenon can be attributed to the fact
that the out-of-plane stiffness of the top joints was larger than that of the top chords. The
top chords were easier to deform than the top joints. Because the top joints experienced
little deformation, the out-of-plane flexural deformations of the top chords were
significant at the top joints (the top chords also had small in-plane in inadditioning to the
out-of-plane curvatures). The in-plane deformations took place principally at the top
joints by the relative rotations of the top chords. This is because the in-plane stiffness of
the top chords was weakened by the bolt holes at the joint positions. Because the in-
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plane stiffness of the top joints was less than that of the top chords, the top chord joints
function more as a pin-connection rather than being rigid.

'IMBS

1iN?%S»

Fig. 5.36 Space S h a p e of Test S S B D 5
5.7.3 Test Results of SSBD 5
The post-tensioning force-deformation relationship for S S B D 5 is plotted in Fig. 5.37.
D u e to the existing plastic deformations after the shape formation test of S S B D 4, the
post-tensioning forces caused a small increase in the overall height of S S B D 5. F r o m
Fig. 5.37 it can be seen that the deformations principally occurred at the initial stage, due
to the structure stiffness increased as the number of closed gaps increased.
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The measured axial forces are shown in Fig. 5.38 for certain top chords, and in Fig.
5.39 for certain web members (refer to Fig. 5.35 for member positions). The axial force
in member 10 was unavailable due to failed strain gauges. It was found that all of the
measured member forces were relatively small (within 4 k N for top chords and within 2
k N for web members), except for member 1 which had a maximum axial force of 7.8
k N (tension).
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Fig. 5.38 Axial Forces in Certain T o p Chords of S S B D 5
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Fig. 5.39 Axial Forces in Certain W e b Members of S S B D 5

In addition to axial forces, it was also found that post-tensioning induced significant outof-planeflexuralstresses in both top chords and web members. Figs. 5.40 and 5.41
give flexural stresses in some top chords, and Fig. 5.42 gives flexural stresses in some
web members (the positions of members are indicated in Fig. 5.35). The measured
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maximum flexural stress was in top chord 4 with a value of 192 MPa (compression)
the bottom side. It is worth indicating that the measuredflexuralstresses were almost
symmetrical in most members (tension on the topfiberand compression on the bottom
fiber). The existence of symmetricalflexuralstresses in the members demonstrated that
the test dome behaved more like a framed structure than a trass structure during the
shape formation procedure due to the strong top chords joints.

5.7.4 Comparison between Theory and Test
The theoretical and experimental surface shapes and positions of S S B D 5 along spans A
and C are shown in Fig. 5.43 (the curvatures along the two directions A and B in Fig.
5.35 were the same both in the test and analyses). The principal dimensions of S S B D 5
are listed in Table 5.12.

From Fig. 5.43 and Table 5.12 it can be seen that the agreement between the theoretical
and experimental shapes is good. For instance, the difference between the theoretical and
experimental overall heights of S S B D 5 was less than 1 % (the theoretical overall height
is 661 m m , and the test height is 662 m m ) . This confirms that the finite element method
is a reliable way to predict the space shape of a dome like S S B D 5, if all the existing
mechanisms are controlled.
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Fig. 5.43 Shapes and Positions of Top Chords in SSBD 5 along
Different Directions (Section A-A and C-C are Defined in Fig 5.35)
Table 5.12 Span Dimensions of SSBD 5 (mm)
Test

Theory
Span

Surface Periphery

Bottom Periphery

Span A (B)

2811

2043

2822

2034

SpanC

2720

1998

2740

2002

Surface Periphery

Bottom Periphery

Note: The directions of the spans are shown in Fig. 5.35.
It is found that bothfiniteelement analyses cannot give a close prediction for the posttensioning force of S S B D 5. The post-tensioning force for closing a set of five gaps in a
cable is 144 N with model 1, and is 14.1 k N with model 2. In the test, the post164
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tensioning force that closed five bottom chord gaps in a cable was 13 kN. The
differences between theoretical and experimental post-tensioning forces demonstrate that
the top joints of S S B D 5 were semi-rigid.

The theoretical and experimental axial forces for certain top chords and web me
shown in Fig. 5.44 (refer to Fig. 5.35 for member positions). Because the axial forces
obtained from model 1 are very small (less than 0.2 kN), the following comparison is
based on the results of the finite element analysis with model 2. In general, the
agreement between theory and test is reasonable. The differences between them are due
to the plastic deformations existing in the initial experimental shape of S S B D 5. Top
chord 1 had the maximum axial force both in test and analysis (10.6 k N in theory and
7.8 k N in the test). The axial forces in the other members were relatively small (within 5
k N in theory and within 4 k N in the test). Compared with their squash loads (see
Appendix A), the members still had enough strength margins to carry significant external
loads.
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The theoretical and experimental flexural stresses for member 4 in Fig. 5.35 are shown
in Fig. 5.45. It was found that the finite element analysis using beam top chord elements
cannot give a close prediction for theflexuralstresses. The differences between the
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theoretical and experimentalflexuralstresses demonstrate that when the top joints are as
strong as those of S S B D 5, the behaviour of the truss is closer to, but not the same as,
that of a framed structure, because the top joints are semi-rigid. A finite element program
that considers the semi-rigid characteristic of the top joints is desirable to obtain a better
description for the structural behaviour of the post-tensioned and shaped space trusses.
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5.8 U L T I M A T E L O A D B E H A V I O U R OF SSBD 5
5.8.1 Ultimate Load Test of SSBD 5
After the shape formation process, the experimental dome was mounted on a test rig as
shown in Fig. 5.46. A support system as shown in Fig. 5.47 was set up for the test
dome. The vertical movements of the test dome were restrained by 12 steel members that
were connected to the edge bottom joints of the dome and to the support frame. The biplane movements of the dome were restrained by two diagonally positioned steel
members on opposite sides of the test dome, together with a pin-connected steel member
preventing movement in the orthogonal direction (Fig. 5.46). With the above support
system, the test dome was in a statically indeterminate state (R = 9) according to the
Maxwell criterion (Calladine 1978). Because only 6rigid-bodymovement mechanisms
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were left after the shape formation, the 15 restraints on the test dome resulted in a
statically indetenninate structure.

Fig. 5.46 Ultimate Load Test Set up for S S B D 5

•

Vertical Support

o

Loading Joint

Horizontal Support

Fig. 5.47 Support and Loading Joints of Test S S B D 5
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The vertical load was applied to the test dome by loading the web joints of the four
center pyramidal units equally (Fig. 5.47). A whiffletree system was designed to
distribute the single jacking load equally to the four web joints. The jacking force was
applied with the increments of 10 kN until failure of the dome. Ten pairs of electric
strain gauges (120 Q.) were used to measure the induced member stresses in certain
members. The positions of the strain gauge pairs are given in Fig. 5.47.

During the test it was observed that the four bottom chords between t

joints (Fig. 5.47) became loose at a load of 30 kN. The remaining sixteen bottom chords

did not loosen until the dome failed. As indicated in Chapter 3, the loosening was due to
the offset of the initial compressive prestress forces in the tubular bottom chords as the
structure was loaded. As tensile forces were developed in the tubular bottom chords
during the loading process, the compressive prestress forces in the tubular bottom
chords induced in the post-tensioning process were reduce to zero and the cables carried

all of the tensile load in the bottom chords. As a result, the closed gaps opened again an
the tubular bottom chords loosened. Release of the applied vertical load caused the
bottom chords to back into position and locktightlyas at the start of the test. This
indicated that the tensile cables were within the elastic range.
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The characteristic structural response of the test dome is plotted in Fig. 5.48 (in which

the displacement is the average of the displacements at the four loaded bottom joints). It
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was observed that the structural response of the test d o m e was linear until the total load
reached 40 k N (point 1 in Fig. 5.48). With a slight decrease in the overall stiffness, the
load continued to increasing to 46.5 k N (point 2 in Fig. 5.48) w h e n a critical top chord
(Bl in Fig. 5.49) buckled. After buckling of thefirsttop chord, the total load dropped to
41 k N (point 3 in Fig. 5.48). Then, it increased up to 44 k N (point 4 in Fig. 5.48) and a
sharp load drop followed. With some increase in the displacement, the total load
increased to 5 0 k N (point 6 in Fig. 5.48) w h e n the second two top chords buckled
successively (the buckled top chords are denoted with B 2 in Fig. 5.49). Then, a large
displacement occurred without further increase in the load. T h e load started to drop
slightly from point 7 (Fig. 5.48) until point 8 in Fig. 5.48, where the test d o m e
collapsed suddenly due to a support joint failure (joint F in Fig. 5.49). Three top chords
had failed by this stage. However, the collapsed test d o m e itself experienced no
additional failure except the three buckled top chords.

Fig. 5.49 Positions of Failed M e m b e r s in Test S S B D 5

The first support joint failed due to the large tensile force and shear force acted o
the three top chords buckled. According to a linear finite element analysis (Section
5.8.3), the vertical force acting on joint F (Fig. 5.49) is 33.4 k N (tensile) w h e n the total
load is 50 k N , if the three buckled top chords are removed (as an extreme case) from the
dome. According to an individual specimen test, the m a x i m u m tensile load of a bolt in
the support joints is 32.8 k N (Appendix B ) . Because the axial force acting on the bolt in
joint F (Fig. 5.49) w a s larger than its ultimate load capacity, and because the shear
forces cause by the whiffletree (because the whiffletree was directly connected to the test
dome, failure of the three buckled top chords resulted in non-vertical forces due to
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unsymmetrical geometry), joint F failed. As can be seen in Fig. 5.47, joint F was also
restrained by a diagonally positioned steel member to prevent the dome from in-plane

rigid-body movements. Because the bolt in joint F (Fig. 5.49) failed, the test dome l
the rotational in-planerigid-bodymovement restraint. As a result, this rigid-body
movement occurred. The dome rotated around the onlyfixedjoint S (Fig. 5.49) under
the action of an unsymmetrically distributed load (failure of the three buckled top chords
resulted in a unsymmetrically distributed load). Because the capacity of a bolt to resist
horizontal load was small (only 5.6 kN according to an individual specimen test, see
Appendix B), all the bolts in the support joints, except the fixed joint S (Fig. 5.49),
failed simultaneously as the dome was twisted. The failed shape of the test dome is
shown in Fig. 5.50. The buckled top chords are showed in Figs. 5.51 and 5.52. A
failed support joint is shown in Fig. 5.53.

5.50 Failed Shape of Test S S B D 5

Fig. 5.51

First Bucked Top Chord in Test S S B D 5
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Fig. 5.52 Second Bucked T o p Chords in Test S S B D 5

Fig. 5.53 Failed Bolt Connection on Support Joints
The displacements of some surface joints on the test dome are given in Fig. 5.54.
Generally speaking, the displacements of the top joints were relatively small, even after
one top chord buckled. This demonstrated that this type of post-tensioned and shaped
space truss d o m e had a satisfactory overall stiffness.
The axial forces in certain top chords are plotted in Fig. 5.55. It was found that
force distribution in the top chords was not uniform. The greatest axial forces occurred
in the top chords at the center of the dome, and decreased as the distance increased from
the center of the dome. The measured m a x i m u m axial force was-22.6 k N (determined
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by test) and occurred in member 1 (Fig. 5.47) before the test dome reached the mtimate
load. The measured axial forces in most top chords (e.g., members 3, 4 and 5 in Fig.
5.47) were near to zero. The non-uniform distribution of axial forces m a y be attributed
to the support condition of the dome. At the dome periphery, the applied load was
distributed to the support frame through the twelve edge joints, therefore, the magnitude
of the axial forces in the connecting edge members was subsequently small.
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The axial forces in certain web members are given in Fig. 5.56 (the axial force i
member 10 was missed due to failed stain gages). It was seen that the axial forces in the
measured web members were small (within 2 kN). The m a x i m u m axial force might not
have been measured. However, there was no significant deformation in all the w e b
members until the test dome reached the ultimate load, or even after the test dome
collapsed. This demonstrated that the axial forces in the web members were within the
elastic range during the loading process.

5.8.2 Ultimate Load Analyses of SSBD 5
Like the previous analyses, the program M S C / N A S T R A N (1995) has been employed to
simulate the ultimate load behaviour of the test dome. The finite element analysis
commenced with the space shape of the test dome. The geometry of the dome was based
on the results of the shape formation analysis, because the error tolerance between the
theoretical and experimental shapes is very small (within 1%, see Section 5.7).

5.8.2.1 Structural Behavior and Prestress Forces of Critical Top Chords
To simulate the ultimate load behaviour of the test dome, the structural behaviours of
truss members are needed in the nonlinear analysis. In the following analyses the
nonlinear responses of the critical top chords (i.e., the twelve members that have the
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same positions as the buckled members B 1 and B 2 in Fig. 5.49) have been incorporated
into the finite element models.

The structural responses of the critical top chords are based on the results of i
top chord tests, and the measured prestress forces during the shape formation procedure.
They are described as follows.
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The test result of a pin-jointed top chord under compressive axial load is shown in Fig.
5.57 (Appendix A ) , and is piece-wise linearized as described in Chapter 3. The critical
top chord is assumed to behave linearly up to the buckling load of 13.5 k N , whereupon
the member collapses and thereafter exerts a negative stiffness.

The tensile prestress forces developed in the critical top chords during the shape
formation procedure are directly added to their structural behaviour as described in
Chapter 3. The upper coordinate system in Fig. 5.58 is used to describe the structural
behaviour of the critical member that has no prestress (it is the same as that shown in
Fig. 5.57). The lower coordinate system is used to describe the structural behaviour of
the critical top chord with a tensile prestress force. It is obtained by moving the original
coordinate system vertically to the position of -7.8 k N , and then moving it horizontally
to the point where the vertical axis interacts with the extended line of the original
structural curve. The point is defined as the origin of the n e w coordinate system to
describe the structural behaviour of the critical top chords with prestress. Under such a

174

Chapter 5 Space-Shape-Based Domes

coordinate system, the structural behaviour of the critical top chords shown in Fig. 5.58
can be described as follows: the load capacity increases linearly up to the buckling load
of 21.3 k N , whereupon the m e m b e r collapses and thereafter exerts a negative stiffness.
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Fig. 5.58 Structural Behaviour of a Pin-Jointed Top Chord in SSBD 5
(Including Prestress Force)

To consider the semi-rigid characteristic of the top joints, the structural behaviou
critical top chords shown in Fig. 5.58 (the lower coordinate system) is adjusted for top
chord B l (Fig. 5.49). A s shown in Fig. 5.59, the structural behaviour of the critical top
chord B l is assumed as follows: the load capacity increases linearly up to the buckling
load of 21.3 k N , whereupon the m e m b e r collapses and thereafter exerts a zero stiffness.
The adjustment is to simulate the practical situation in the test d o m e in which top chord
B l buckledfirst.The post-buckling behaviour of top chord B l in the test d o m e m a y be
more gentle than that of the pin-jointed m e m b e r due to the joint stiffness. Fig. 5.59 only
assumes an extreme state for top chord Bl.

The test result of afix-jointedtop chord under compressive axial load is shown in Fig.
5.60 (Appendix A ) , and is also piece-wise linearized as described in Chapter 3. The
critical top chord is assumed to behave linearly up to the buckling load of 26.3 k N ,
whereupon the m e m b e r collapses and thereafter exerts a negative stiffness.
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5.8.2.2 Finite E l e m e n t

Models

In the finite element models, all members in the test d o m e are modelled as straight and
uniform pin-jointed rod elements (except the critical top chords in model 4) because the
failure of the d o m e was principally caused by the inelastic buckling of the critical top
chords according to the test. The positions of the joints are the same as those for the
shape formation analysis (Fig. 5.31). All restraint and load conditions are the same as
for the test d o m e (Fig. 5.47).

In the ultimate load analyses carried out here, the top chords (except the critical one
and w e b members are treated as ideal elastic materials. The bottom chords, which were
combined tube-cable members in the test d o m e , are treated as a cable because the
prestress forces are small in the test d o m e (the prestress forces are only due to the
operation error and geometrical and manufacturing imperfections of the test dome). The
area of the cable is 24.6 mm2. The properties of the cables were: Young's modulus E =
200 GPa, Poisson's ratio v = 0.3, the yield stress was 935 M P a (Appendix A ) .

To consider the effects of prestress forces in the critical top chords caused during th
shape formation procedure, and the effects of the semi-rigid characteristic of the top
joints, the test d o m e is analyzed with four different computing models.

Models 1 and 2 are used to consider the effects of prestress forces in the critical top
chords. In model 1, the top chords are assumed as pin-jointed, and the prestress forces
caused during the shape formation procedure are neglected. Only the nonlinear response
of the critical top chords has been included. The critical top chord response is the same
as that shown in Fig. 5.57. In model 2, the top chords are assumed as pin-jointed, but
the prestress forces in the critical top chords caused during the shape formation
procedure are considered (the prestress forces in other members are neglected because
they are relatively small, and the axial forces in these members are still within the elastic
range w h e n the test d o m e reaches its ultimate load). The measured tensile axial force of
7.8 k N induced during the shape formation procedure is added to the structural response
of the critical top chords, as shown in Fig. 5.58.

Models 3 and 4 are used to consider the effects of the semi-rigid characteristic of the
joints. In model 3, the top chords are assumed as pin-jointed, and the prestress forces
caused during the shape formation procedure are considered. The structural response of
the critical top chord B l (Fig. 5.49) is the same as that shown in Fig. 5.59, and the
structural response of the other critical top chords is the same as that s h o w n in Fig.
5.58. T o simulate the test procedure in which top chord B l buckled first, the m e m b e r
B l in model 3 is given additional axial force, so that it will reach its ultimate load before
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the other three members that have the same position with it (Fig. 5.49). This is achieved
by giving top chord B 1 a smallfictitiousthermal load (the resulting additional axial force
in B l is about -0.5 k N ) . In model 4, the critical top chords are assumed as fix-jointed,
and the prestress forces in the critical top chords caused during the shape formation
procedure are neglected. The structural response of the critical top chords is the same as
that shown in Fig. 5.60.
5.8.2.3 Results of Finite Element Analyses
The theoretical and experimental structural behaviours of the test dome are shown in Fig.
5.61 in which the displacement is the average of the displacements at the four loaded
bottom joints (Fig. 5.47). The theoretical ultimate load capacities of the test dome are
34.5 k N with model 1, 50.1 k N with model 2, 49.95 k N with model 3 and 60.1 k N
with model 4, respectively. The test dome did not reach the theoretical ultimate load
capacity predicted with model 4 (fix-jointed critical top chords), but its load capacity was
larger than that predicted with model 1 (pin-jointed critical top chords). This indicates
that top joints in the test dome were semi-rigid. Also, compared with the ultimate load
capacity predicted with model 1 (pin-jointed critical top chords), the ultimate load
capacity of the test dome has increased by 4 5 % due to the post-tensioning process. The
increase in load capacity is due to the existence of tensile prestress forces in the critical
top chords after the shape formation.
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The theoretical buckling patterns are different from the test pattern. In models 1, 2 and 4,
the four critical top chords (i.e., member B l and those that have the same position in
Fig. 5.62) reach their ultimate load simultaneously. In model 3, after m e m b e r C I (B1 in
Fig. 5.62) is forced to buckle at 49.5 k N total vertical load, the second members to
buckle are C 2 (Fig. 5.62), and finally member C 3 (Fig. 5.62). This is still not
completely in agreement with the test results (see Fig. 5.49). Also, compared with an
overall ductile type of load-deflection response in the test dome, the theoretical structural
behaviours are of a "brittle type". The load capacity of the d o m e decreases sharply after
the four critical members reach their theoretical ultimate loads (the program
M S C / N A S T R A N (1995) could not obtain the next convergence after m e m b e r C 3 (Fig.
5.62) buckled in model 3 and the calculation terminated).

Fig. 5.62 Orders of M e m b e r Buckling

The reason for the difference between the theoretical and experimental structural
behaviours of the test d o m e m a y be attributed to the geometric and material imperfections
as well as the strong top chord joints in the test dome. T h e theoretical structural
behaviour being of a "brittle type" is due to the theoretical structural behaviour for the
critical top chords as a "brittle type". The four critical top chords buckling
simultaneously in thefiniteelement analyses with models 1, 2 and 4 is due to the d o m e
being an ideal model without any imperfections. However, geometric and material
imperfections were almost unavoidable in the test model. T h e geometric and material
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imperfections cause one top chord to buckle and the other three members that had the
same position with it did not fail atfirst.D u e to the test dome being statically
indeterminate, failure of one member was not sufficient for the dome to collapse (this is
in agreement with the result of model 3). Because the joints in the test d o m e were semirigid, they could provide a stronger restraint for the top chords than the pin-ended joints
assumed for an individual member. This allowed the neighbouring members to take over
the part of the load that was to have been carried by the buckled top chord, and resulted
in an axial force redistribution. The fluctuations in the experimental structural response
between thefirsttop chord buckling (point 2 in Fig. 5.48) and the second two top
chords buckling (point 6 in Fig. 5.48) were the result of such a redistribution. However,
the axial forces during this period were not measured due to the overall collapse.

Although the analyses considering the prestress forces in the critical top chord
2 and 3) cannot give a reliable prediction for post-buckling structural behaviour, they
give a good prediction for the ultimate load capacity of the test dome. In view of practical
design, model 2 can provide sufficient accuracy and is easy to apply. Therefore, the
following discussion is based on the analysis considering prestress forces in the critical
top chords (model 2).
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The theoretical and experimental axial forces in some top chords (the positions are
shown in Fig. 5.47) are shown in Fig. 5.63. The axial forces in members 3, 4, 5 and 7
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are near to zero in both theory and test, and they are omitted in Fig. 5.63. It can be seen
that the agreement between the experimental and theoretical results is good in Fig. 5.63.
Both the theoretical and experimental m a x i m u m axial forces occur in m e m b e r 1 (Fig.
5.47). However, there is a slight difference between the theoretical and experimental
m a x i m u m axial forces. The theoretical value is 21.3 k N , and the test value is 22.6 k N
(determined by strain gages). The difference in theoretical and experimental structural
behaviours is due to the difference between the support conditions of the truss top
chords and an individual pin-ended member. Because the joints in the test d o m e were
semi-rigid, they could provide a stronger restraint for the top chords than pin-ended
joints for an individual member, and the experimental m a x i m u m axial force is larger.
However, the top chord did not reach the ultimate load capacity of afix-jointedcritical
top chord (26.3 k N in Fig. 5.60).
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The theoretical and experimental axial forces in certain w e b members (the positions are
shown in Fig. 5.47) are shown in Fig. 5.64. The agreement between the experimental
and theoretical results is reasonable. Both the theoretical and experimental axial forces
are small (within 2 k N ) before the top chords buckle. However, the theoretical axial
force in m e m b e r 8 (Fig. 5.47) increases with the decrease of the total load after the top
chords buckle. This demonstrates that the forces acting on some support joints increase
after the top chords buckle (member 8 in Fig. 5.47 connecting a support joint).
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5.8.3 Overall Failure Analysis of S S B D 5
The test d o m efinallycollapsed due to failed support joints. T o investigate the forces
acted on the support joints of S S B D 5, a linear finite element analysis is carried out. The
linearfiniteelement analysis is the same as that using model 2, except all the members
are treated as ideal elastic materials. Also, the three buckled members B l and B 2 (Fig.
5.62) are removed from the finite element model to simulate the extreme state in the test
dome. The finite element model for the linear analysis is shown in Fig. 5.65.

Fig. 5.65

Finite Element M o d e l for Linear Analysis

The theoretical vertical forces acting on the failed support joint 60 (Fig. 5.65. i.e., joint
F in Fig. 5.49) are shown in Fig. 5.66 according to the results of the linear finite
element analysis, and model 2. It can be seen that, in model 2, the vertical force acting
on the support joint is compressive, and it increase with the increase of the total vertical
load before the d o m e reaches its ultimate load capacity (point A in Fig. 5.66). After the
d o m e reaches its ultimate load capacity, the vertical force acting on the support joint
reduces with the reduction of the total vertical load (points A to B in Fig. 5.66), but with
a higher reduction ratio than the increase ratio in the initial stage. W h e n the total vertical
load reduces to 30 k N (point B in Fig. 5.66), the vertical force acting on the support
joint reduces to 1 k N (tensile). This indicates that the force acting on support joint 60 can
change sign after the four symmetrical top chords (B1 and those that have the same
position in Fig. 5.62) buckle in model 2.
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In the linear finite element analysis, the vertical force acting on the support joint
tensile, and it also increase with the increase of the total vertical load. W h e n the total
vertical load reaches to 50 k N (point C in Fig. 5.66), the force acting on joint 60 (Fig.
5.65) is 33.4 k N (tensile). This indicates that the value of the vertical force acting on
support joint 6 0 is different from that of model 2 after the three top chords buckled
(model 3 cannot give the post-buckling behavior of the dome). Also, if there are
symmetrical horizontal loads applying to the four loading joints along the support
direction of support joint 60 (joint F in Fig. 5.62), then the horizontal force acting on
support joint 60 would be half of the total horizontal loads. This indicates that support
joint 60 is sensitive to the horizontal loads acting on the dome.

In the test d o m e , the value of the vertical force acting on support joint 6 0 m a y be
between the values obtained with the linear finite element analysis and model 2, i.e.,
between 1 k N and 33.4 k N , after the three top chords buckled. Although the vertical
force acting on support joint 60 m a y be less than the m a x i m u m tensile load capacity of a
bolt in the support joints (32.8 k N , see Appendix B ) , considering the shear forces cause
by the non-vertical whiffletree (caused by unsymmetrical deformation of the test d o m e ) ,
the bolt in support joint 60 m a y fail due to the action of the combined tensile and shear
forces. The m a x i m u m load capacity of a bolt to resist shear force w a s only 5.6 k N
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according to an individual specimen test in Appendix B . A s indicated previously, w h e n
the support joint 6 0 failed, the test d o m e lost the rotational in-plane rigid-body
movement restraint, and the test d o m e collapsed. This highlights the need for overall
failure analysis, including the support system w h e n designing a space structure. U n foreseen loading re-distributions can occur.

5.9 SUMMARY OF THE CHAPTER
This chapter principally concerns the studies on Space-Shape-Based (SSB) posttensioned and shaped domes. First, the geometric models that reflect the relationship
between the planar layout and the space shape are established. Then, the domes are
analyzed with the finite element method to predict the space shapes and to examine the
feasibility of the proposed post-tensioning layouts. Based on the theoretical analyses,
five Space-Shape-Based (SSB) domes are constructed by means of the post-tensioning
methods. The last d o m e ( S S B D 5) is loaded to failure in order to determine the ultimate
load behaviour. Finally, the ultimate load capacity of the S S B d o m e is analyzed with the
finite element method. The results of the above tests and analyses are summarized as
follows.

It is possible to shape a planar layout into a desired space shape from a planar layou
means of a post-tensioning method. The first two test domes, however, did not achieve
the part-spherical shape as predicted by thefiniteelement analyses, due to the lack of
control of some mechanisms. This demonstrates that w h e n the top joints are not stiff
enough, the behaviour of the truss is closer to that of a pin-jointed structure. Therefore,
a necessary condition to form a desired space shape from a planar layout with low joint
stiffness is that the movements of all the existing mechanisms must be controlled.

The results of the finite element analyses and tests show that the space shape of a po
tensioned and shaped steel d o m e is principally determined by the post-tensioning method
(i.e., positions and values of the gaps). The stiffness characteristic of the top chord
joints (e.g., pin-connected, rigid or semi-rigid) only has very small effect on the space
shape; it only affects theflexuralstresses and the post-tensioning forces.

The maximum elastic deformation extent of a post-tensioned and shaped steel structure
determined by the strength of the top chords and their joints. However, none of the finite
element analyses using b e a m top chord elements or using rod top chord elements gives a
close prediction for the m a x i m u m elastic deformation extent of the post-tensioned and
shaped steel domes because the practical joints are semi-rigid in the test domes. While
•

the finite element analysis using b e a m top chord elements overestimates the flexural
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stresses, the finite element analysis using rod top chord elements underestimates them.
Therefore, a finite element program that considers the semi-rigid characteristic of the
joints is desirable.

When the movements of all the existing mechanisms in the planar layout are effectively
controlled, a post-tensioned and shaped d o m e is insensitive to geometrical imperfections
during the shape formation process. The relatively small geometrical imperfections in
m e m b e r sizes have a neglectable effect on the space shape. This insensitivity to
geometrical imperfections can provide an economical advantage in the fabrication and
erection of post-tensioned and shaped space trusses, due to the lower requirement of
standards required for m e m b e r tolerances than would be usual in conventional space
truss construction.

The ultimate load behaviour study of the post-tensioned and shaped dome includes
experimental and theoretical aspects. The proposed post-tensioned and shaped domes
have a satisfactory load capability. The ultimate load is 5 0 k N for the test d o m e . T h e
failure of the test d o m e was due to the top chord buckling. The overall failure of the test
d o m e was due to the combined tensile-shear failure of support joints, and highlights the
need for overall failure analysis, including the support system w h e n designing a space
structure. Un-foreseen loading re-distributions can occur.

The ultimate load behaviours of the test dome is simulated using nonlinear finite-eleme
analyses. The nonlinearfiniteelement analyses have incorporated the structural behavior
and the prestress forces of the critical top chords caused during the shape formation
procedure. It has been shown that the nonlinearfinite-elementanalysis that considers the
prestress forces of the critical top chords give a reasonable prediction for the ultimate
load capability of the test d o m e (almost the same with the test value). Also, the analysis
results indicate that the post-tensioning process has increased the ultimate load capacity
of this type of d o m e . T h e increase in load capacity is 4 5 % for the test d o m e , due to the
existence of tensile prestress forces in the critical top chords after the shape formation.

185

CHAPTER 6
REGULAR-LAYOUT-BASED
DOMES
This chapter principally concerns the studies on post-tensioned and shaped hexagonal
grid domes, one type of Regular-Layout-Based (RLB) post-tensioned and shaped space
truss (i.e., the space shape is determined from the planar layout). First, a hexagonal grid
dome is constructed and is analyzed with finite element method. Then, the test d o m e is
loaded to failure and the test results are compared with the results of thefiniteelement
analyses in order to determine the ultimate load behaviour. After first loading to failure,
the d o m e is re-erected and modified in situ by straightening and increasing the strength
of critical w e b members. Finally, the ultimate load capacity of the retrofitted d o m e is
investigated by test and analyses.

6.1 PLANAR LAYOUT OF HEXAGONAL GRID DOME
6.1.1 Geometry of Planar Layout
Previous experiments have shown that an R L B d o m e post-tensioned from a regular
rectangular planar layout has a complicated geometry characterized by the positive
curvature in the middle and negative curvature at the comers of the structure (Dehdashti
1994). This conclusion is confirmed by Isler w h o formed a pnumentic shell from a
square flat configuration. It was found that the pnumentic shell formed from a square flat
configuration had negative curvatures at the comers and such negative curvatures had an
unpleasant effect in the load carry capacity of the structure (Isler 1993).
Because a dome shaped from a rectangular or square flat configuration developed
negative curvature at the corners, an S C S T constituted of uniform hexagonal pyramid
units, as shown in Fig. 6.1, is proposed in this thesis. It is hoped that such an S C S T
would eliminate the negative curvatures by making the planar layout closing to a circular
shape. Theoretically, such an S C S T can reach any required dimension by increasing the
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2320 m m (Span B)

375 m m

Bottom chord
(b) Side View

(a) Plan View

Fig. 6.1 Geometry of Planar Layout for Hexagonal Grid D o m e
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Fig. 6.2 Structural Characteristic of Hexagonal Grid D o m e
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number of prefabricated pyramid units. For the test model discussed in this Chapter, the
planar layout consists of 19 separate uniform hexagonal pyramid units. According to the
form of the pyramid units, the R L B d o m e discussed in this Chapter can also be called a
hexagonal grid dome.

The structural features of the planar layout for the hexagonal grid dome is shown
6.2. The geometric characteristic of the planar layout can be expressed by dimensions
along the two orthogonal directions A and B in Fig. 6.1. For the test dome, the
dimensions of the planar layout are 2510 m m in span A and 2320 m m in span B in Fig.
6.1. The elements that control the dimensions of the spans are highlighted with solid
lines in Fig. 6.2.

6.1.2 Mechanism Condition
As indicated in Chapter 3, the mechanism condition for a post-tensioned and shaped
space truss can be expressed by a general Maxwell criterion, R - S + M = 0 (Calladine
1978). In the initial planar layout of the experimental dome, the total number of members
b is 186; the total number of joints; is 73. Assuming the number of restraints r is 6 (the
minimum restraints needed to eliminate the body movement), from Equation 3.1 it can
be found that M = 27 (or R = -27) before the post-tensioning operation (as the number
of prestress states S = 0). This means that the structure includes 27 independent
mechanisms in the initial state, and therefore, a m a x i m u m of 27 gaps can be created in
the planar layout.

According to the above mechanism condition (M = 27), a post-tensioning method as
shown in Fig. 6.1 is proposed. Twelve peripheral bottom chords are added to the
layout. If all the gaps are closed after the post-tensioning operation, the total number of
members b will become 198 while the total number of joints j remains 73. In this case,
the d o m e has a total of 21 independent mechanisms ( M = 21), if the 6 overallrigidbody
mechanisms are taken into account. T o eliminate the remaining

independent

mechanisms, an additional 21 restraints need to be incorporated into the structure by
fixing some edge joints and/or increasing the number of members. Then, the d o m e will
become statically determinate (M = 0), and be able to carry a significant load.

6.1.3 Construction of Planar Layout
The planar layout of the test hexagonal grid d o m e is shown in Fig. 6.3. It w a s
assembled on the floor by connecting the pre-fabricated uniform hexagonal pyramid
units with bolted connections. A s can be seen, the planar layout possesses a high degree
of regularity in positions and sizes of its components. It has only one type of top chord
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and one type of web member. In view of fabrication, such a planar layout has significant
economical advantages.

Fig. 6.3 Planar Layout of Test Hexagonal Grid D o m e
6.1.3.1 Hexagonal Pyramid Unit
The dimensions of a uniform hexagonal pyramid unit is shown in Fig. 6.4. All the top
chords of the pyramid had a same length of 290 m m , and all the web members had a
same length of 452 m m . The top chords were made ofl3xl3xl.8 m m square hollow

Fig. 6.4 Dimensions of a Hexagonal Pyramid Unit
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section (SHS) steel tubes, while the web members were made of 13.5 x 2.3 m m circular
hollow section (CHS) steel tubes. The experimental tensile yield stress was 450 M P a for
the top chords and 440 M P a for the web members. All the steel had a Young's modulus
E = 200 GPa, and a Poisson's ratio v = 0.3.

The pyramid unit was prefabricated in two parts: planar hexagonal grid and we
The planar hexagonal grid was formed by welding together the six top chords that were
placed at appropriate angles to each other. The web unit was formed by welding six
appropriately positioned web members to a common bottom joint.
6.1.3.2 Joint Details
The prefabricated planar grids werefirstplaced side by side along the edges. Then, the
planar grids were bolted together with two 5 m m thick gusset plates at each joint. The
web members were simultaneously bolted to one of the plates. The top joints used in the
hexagonal grid dome were similar to those used in SSBDs 4 and 5. Details and
dimensions of a typical top joint are illustrated in Fig. 6.5.

(a) Perspective View

(b) Plan View

(c) Side View

Fig. 6.5 Top Joint Details of Test Hexagonal Grid Dome
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(a) H u b on Edge Bottom Joint

(b) Bottom Chord

Fig. 6.6 Edge Bottom Joint Hub and Bottom Chord

To accommodate the bottom chords and allow strands to pass through, the edge bottom
joints had a specially designed hub. The cylindrical hub, as depicted in Fig. 6.6a, can
control the movement direction of the prestressing wire and the bottom chords by the
indented circular grooves.

6.1.3.3 Bottom Chords
The bottom chords were used to detennine thefinaldistance between the edge bottom
joints during post-tensioning. The bottom chords were made of 25 x 25 x 1.8 m m S H S
steel tubes. T ofitin the circular indented grooves on the bottom joints (Fig. 6.6a), a
short section of C H S tube was welded to each end of the tube (Fig. 6.6b). Six high
tensile wires, each passed through three edge bottom joints and two shorter bottom
chords, formed the bottom perimeter of the structure. The six prestressing wires and
bottom chords are highlighted with bold lines in Fig. 6.1.

6.2 SHAPE FORMATION TEST OF HEXAGONAL GRID DOME
6.2.1 Shape Formation Procedure
The post-tensioning method employed in the hexagonal grid dome has been shown in
Fig. 6.1. From Section 6.1 it is seen that the proposed post-tensioning method can
satisfy the mechanism condition (the number of added members was less than the
number of exiting mechanisms); in this section, it will also be found that the posttensioning method can satisfy the geometrical compatibility condition and is easy to
operate.
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After the positions and number of gaps are determined, the values of gaps are still a
remaining problem that affects the space shape of the R L B dome. In the test model, a
uniform gap method was used because the symmetry of the planar layout. Theoretically,
the value of gaps could be as large as the length of the bottom chords, according to the
mechanism condition. However, as indicated in Chapter 5, because the m a x i m u m elastic
deformation of a practical dome is determined by the characteristics of top chords and
joints, the value of gaps m a y be limited. In the test dome, different values of gaps were
tried to investigate the extent of the m a x i m u m possible curvature. The values of the gaps
were 35 m m , 50 m m , 65 m m , and 80 m m , respectively.

To measure the member stresses, 24 electrical resistance strain gauges (120 n) were
used. The strain gauges were placed in mid-length of selected members. T o measure the
possible bending stresses induced by the rigidity of the top joints during shape formation
procedure, they were placed on both top and bottom sides of selected members. The
locations and numbering of strain gauge pairs are shown in Fig. 6.7.

Fig. 6.7 Locations of Strain G a u g e Pairs

The shape formation of the dome was facilitated by tensioning. the six high tensile
cables. The post-tensioning procedure began with the planar layout in its initial position,
i.e., all the top chords were flat. A hand-operated hydraulic jack was used to apply an
axial force to the individual tensile strands in rum, and consequently to close the gaps in
the bottom chords. This operation led to the curvature of the top chords. At the
conclusion of the post-tensioning process, i.e., all the gaps were closed, a curved space
d o m e was formed.
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W h e n the 80 m m gaps were closed it was found that there were some evident plastic
deformations in the top chords. T o prevent the dome failure before the loading test, no
further tensioning was carried out. It can be advised that the m a x i m u m curvature of a
practical dome m a y be determined by the mechanical properties, such as yield point, of
the top chord materials and the structural characteristics of the top joints (pin-connected,
semi-rigid orrigid),although the mechanism condition can allow larger deformations.

6.2.2 Results of Shape Formation Test

6.2.2.1 Space Shape
Fig. 6.8 shows the final space shape of the test R L B dome. The curved profile along
span A is shown in Fig. 6.9. The R L B dome had a m a x i m u m span of 1708 m m , and a
total height of 560 m m . It was found that the space shape of the R L B dome was not
regular, i.e., it is not part of a perfect sphere. The top joints on span A lie in an area
formed by two circles with radii of 2444 m m and 2932 m m , respectively. The average
of the circles' radii is 2688 m m with differences within 9%. Similarly, the top joints on
span B also lie in an area formed by two circles with radii of 3310 m m and 3578 m m ,
respectively. The average of the circles' radii is 3444 m m with differences within 4 % .
The length of span B is 1508 m m , with a difference of 200 m m compared with span A .
However, the R L B dome is aesthetically acceptable in that the difference in radii of
curvatures is not obvious to the naked eye. The surface of the test R L B dome looks
continuous and smooth.

Fig. 6.8 Final Space Shape of Test Hexagonal Grid Dome
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Span A = 2415 m m

278

560 m m

Fig. 6.9 Dimensions of Test Hexagonal Grid Dome

Table 6.1 shows the relationship between the space shape and its values of gaps of
R L B dome. The dimensions of span A and the overall height are chosen as the
representatives of the space shape. It can be seen from Table 6.1 that the span decreasing
rate is almost the same as the bottom chord length decreasing rate (e.g., when the bottom
chord length reduces to 8 4 % of its original value, span A reduces to 8 5 % of its original
value). This demonstrates that the gaps are a reliable way to control the space shape of
an R L B dome.
Table 6.1 General Parameters of Test Hexagonal Grid Dome
PostBottom
Ratio to
Span A
Tensioning
Chord
Original
Force (kN) Length (mm) Length (%) (mm)

Value of Gaps
(mm)

Ratio to
Original
Span (%)

Height

(mm)

0

0.0

502.5

100

2008

100

375

35

1.7

467.5

93

1907

94.9

475

50

2.8

452.5

90

1843

91.7

508

65

5.3

437.5

87

1773

88.2

538

80

7.8

422.5

84

1708

85

560

6.2.2.2 Post-Tensioning

Forces

The post-tensioning forces for different values of the gaps were taken from the readings
on the pressure dial gauge mounted on the hydraulic p u m p , and are listed in Table 6.1.
The table values are the average of the six post-tensioning forces applied on the six
wires. A m a x i m u m variation of 13.4% was observed between the six post-tensioning
forces. The average post-tensioning force for closing the 80 m m gaps was 7.8 kN.

6.2.2.3

Displacements

Fig. 6.10 gives the vertical displacement of the top grid, and the average horizontal
displacement of the edge bottom joints during the shape formation procedure. It can be
seen in Fig. 6.10 that the jacking force-displacement relationship is nonlinear. The
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increasing rate in displacement is higher in the initial stage than that in thefinalstage.
This m a y be explained by the lack-of-fit of the two gusset plates at the top joints. In the
initial stage, the lack-of-fit of joints allowed the sandwiched top chords to have relatively
free movements. At this stage, the top chord system behaved as a truss structure.
However, w h e n the spaces in the joints werefilled,the joints provided significant
stiffness to deformation. At this stage, the top chord system behaved as a framed
structure.
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Fig. 6.10 Displacements of Some Joints During Shape Formation Test

The above phenomenon demonstrates that the joint rigidity has an essential effect o
post-tensioning forces of a post-tensioned and shaped space truss. The jointrigidityalso
determines the m a x i m u m deformation. If the joints are pin-connected, an S C S T can be
deformed to a highly curved space shape with relatively small post-tensioning forces.

6.2.2.4 M e m b e r Axial Forces
The axial forces measured in certain top chords are shown in Fig. 6. 11 (refer to Fig.
6.7 for m e m b e r positions. The axial forces in top chords 8 and 12 were unavailable due
to failed strain gauges). It w a s found that all of the measured member forces were well
below their squash loads (i.e., 22.7 k N for a single S H S tube and 4 2 k N for a double
S H S tube in compression. Refer to Appendix A for failure loads of members). It can be
seen that the top chords along the periphery direction, e.g., top chord 4, had the
m a x i m u m axial force of 10 k N (compression). The axial forces in the other top chords
were relatively small (within 5 k N ) . Except for m e m b e r 1, all the top chords were in
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Fig. 6.11 Axial Force in Top Chords During Shape Formation Test
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compression. It was also noted that there was a change (from tension to compression or
vice versa) in some top chord forces (e.g., axial forces in members 1, 3 and 7). This
was because the large geometrical change can affect the characteristic of the member
forces at a certain stage of post-tensioning. Also, the slippage of joints, and the posttensioning operation that the six prestressing wires were tensioned in turn, instead of
being pulled simultaneously, may contribute to the axial force change.
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Fig. 6.12 Axial Force in W e b Members During Shape Formation Test
The axial forces induced in certain web members are shown in Fig. 6.12 (refer to Fig.
6.7 for member positions). It was found that all of the measured member forces were
very small (within 2 kN), compared with their compressive ultimate load of 12.7 k N
(refer to Appendix A for failure loads of members). The outer side web members in the
edge pyramid units, such as member 9, were expected to be in tension, because the
prestressing wires passed through the bottom chords were in tension. However, strain
gauge readings showed that they seemed in compression. In member 9, a compressive
force of 1.1 k N was measured. This phenomenon can be explained by the support action
of the bottom chords. Theoretically, bottom chords should be only a ruler for the gaps
and no forces were expected. In practice, however, such a case is almost impossible,
because of imperfections in fabrication and the lack of exact judgment on closing-up of
the gaps during the post-tensioning operation. Therefore, the bottom chords were
usually compressed by the prestressing wires passed through them. To balance the
compressive forces in the bottom chords, the outer side webs in the edge pyramid units
may be in compression.
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6.2.2.5 M e m b e r

Flexural Stresses

In addition to axial forces, it was also found that post-tensioning induce

of-plane flexural stresses in the top chords and web members. Figs. 6.13 an
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Flexural Stress in Top Chords During Shape Formation Test
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6.14 Flexural Stress in W e b M e m b e r s During Shape Formation Test

the measured flexural stresses in some top chords and web members (their pos
indicated in Fig. 6.7). The measured maximum flexural stress was in top chord 4 with a
value of 314 M P a (compression). Compared with top chords, the flexural stresses
measured in web members were small (within 90 MPa).

The existence of large flexural stresses in the top chords demonstrated that
behaved more like a frame structure than a truss structure during the shape formation
procedure (the top chords had the characteristics of a beam, i.e., tension on the top fiber
and compression on the bottom fiber). This may be attributed to the top joints that
function more as rigid rather than frictionless pin-connected joints.

6.2.3 Further Observations

6.2.3.1 T o p Chord Deformations
It was seen that the shape of the test dome was principally formed by the in-plane
deformations of the hexagonal grids, and the out-of-plane deformations of the top
chords at the joints. It was the out-of-plane flexural deformation of top chords at the top
chord joints that created the height of the test dome. The out-of-plane flexural
deformations of the top chords at the top joints were similar to that of the stiff joint test
(Appendix B). This phenomenon can be attributed to the fact that the stiffness of the top
joints was larger than that of top chords. During the shape formation process, the top
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chords were easier to deform than the top joints. Because the top joints experienced little
deformation, the out-of-plane flexural deformations of the top chords were significant at
the top joints (the top chords also had small in-plane in addition to the out-of-plane
curvatures). Also, it was seen that the further the hexagonal grids were away from the
center hexagon, the larger the out-of-plane deformations. This may be attributed to the
edge top chords being composed of single SHS tube, instead of double SHS tube as did
the other top chords. Fig. 6.15 shows an edge top chord that was curved significantly at
the joints.

Fig. 6.15

Curved Peripheral Top Chord

6.2.3.2 Grid Deformations
The in-plane deformations of typical hexagonal grids were shown in Fig. 6.16 in which
the solid lines indicate the original shape, and the dashed lines indicate the deformed
shape (values of the deformations are shown in Table 6.2). The dashed lines in Fig.
6.16 only indicate an idealized grid deformation. In the actual model, the top chords also
had out-of-plane curving. The in-plane deformations of the grids between the flat and
curved conditions took place principally at the top joints by the relative rotations of the
top chords. The forms of the deformations were similar to that of a mechanical six-bar

!> a 2

a1

b1
(b) Grid on Span B

(a) Grid on Span A
Fig. 6.16

Deformations of Edge Hexagonal Grids
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mechanism. This is because the in-plane stiffness of the top chords was less near the
joints than that in the middle due to yielding, as the yield strength of the top chord ends
at the joint sections was lowered by the annealing effect of the welding process.
Table 6.2 Changes of Grid Diagonals in Test Hexagonal Grid D o m e
Diagonal

al

a2

bl

b2

Original Distance (mm)

502

502

Deformed Distance (mm)

580
570

520

501

580
590

Relative Displacement (mm)

-10

+18

-1

+10

6.2.3.3 Joint Slippage
It was observed that some curvatures remained on the surface of the unloaded dome,
even only after small gaps (50 m m ) were post-tensioned. According to the strain gage

H T bolts
(a) Joint before Slipping (b) Joint after Slipping

(c) Result of Joint Slipping
Fig. 6.17 Details of Joint Slippage in Test Hexagonal Grid Dome
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readings, the stresses were relatively small (within 9 0 M P a ) at this stage. This
phenomenon can be explained by the slipping of the top chords at joints. A s shown in
Fig. 6.17, the neighboring hexagonal grids had a tendency of being pulled away from
each other during post-tensioning. The space at the top joints left by the imperfections of
fabrication between the bolts and the top chords made the relative movements of the
grids possible. W h e n the hexagonal grids were prevented from being restored into their
original position by the friction between joint gusset plates and top chords, the gaps
remained after unloading.

6.3 SHAPE FORMATION ANALYSES OF HEXAGONAL GRID DOME

The finite element analysis commences with the initial configuration of a planar lay
which all the top chords are horizontal. Because the deformed shape of the posttensioned and shaped d o m e is different from its original flat geometry, the shape
formation process induces large deformations, and the analysis is highly nonlinear
geometrically and m a y be materially. Like the analyses carried in Chapter 5, only the
geometrical nonlinearity is considered. The program M S C / N A S T R A N (1995) is used,
and the shortening of the bottom chords is simulated with afictitiousnegative
temperature load. Here, thefictitiousnegative temperature load was divided into 6 0 load
steps.

In the finite element analysis of the test dome, only bottom chords were loaded with
temperature loads. According to Section 3.2, the temperature coefficient a is set to 0.002
(1/502), with the initial temperature T0= 0; the required bottom chord gaps in milUmeters
can therefore be directly applied as an initial approximation of the required temperature
load T. A s indicated in Chapter 3, the value of Twill have slight change with the change
of structure stiffness. Here, the value of T is adjusted in each run, until a temperature
load corresponding to a shortening of 80 m m is obtained on each bottom chord.

6.3.1 Finite Element Models
In practical design, the most conventionalfiniteelement model for space trusses is that
where all members are modelled with pin-jointed rod elements (Cuoco 1981). However,
the hexagonal grid d o m e cannot obtain a unique shape with such a model, because it
includes more mechanisms than those controlled by the post-tensioning operation. T o
obtain a reliable prediction for the space shape of the test hexagonal grid dome, the
experimental model is simulated with differentfiniteelement models as listed in Table
6.3. All the finite element models have the same geometry and the same joint positions
as shown in Fig. 6.18.
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Table 6.3 Finite Element Models of Hexagonal Grid D o m e
Model

Top Chord Elements

W e b Elements

1

Beam

Rod

2

Beam

Beam

3

Beam with Gusset Block Effect

Rod

4

Beam with Gusset Block Effect

Beam

5

Beam with Rigid Body Element (RBE)

Rod

6

Beam with Rigid Body Element (RBE)

Beam

Fig. 6.18 Positions of Finite Element Model for Hexagonal Grid D o m e

In model 1, all top chords of the dome are modelled with straight and uni
elements. The double top chord tubes between panel points are modelled with single
beam elements. The web members and edge bottom chords are modelled with pin-

jointed rod elements. Model 2 is similar to model 1 except that the web members are also
modelled with beam element (spaceframe analysis).

To obtain a better prediction of the post-tensioning force, the effect of
ends of all top chords in the hexagonal grid dome is considered in models 3 and 4. The
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effect of gusset plates at the ends of a top chord is determined using the stability
functions given by Livesley and Chandler (1956). The stability functions are to consider
the effects of the axial force, and joint size in the member to the flexural stiffness of the
member. The stability factors used in the stability functions are calculated from Fig. 6.19
and Equations 6.1 to 6.7 (the gusset plates at the ends are considered to be rigid).

csk 9 * ^

Fig. 6.19 Idealisation of Gusset Plate Effects in a B e a m

Consider a member of length / with gusset plates of lengths g and g' at the end
respectively. If the flexuralrigidityof the member is defined as EI, then the end
moments MM

and MBA can be expressed as a function of the rotation displacement 9.

That is

MAB = skd

(6.1)

MBA = csMAB = cskG

(6.2)

where
(6.3)

I
s =s +

2g 1 + £|A

cs =cs +

LI1+I)+II1+L

A = s(l + c)-

(6.4)

UJ

K2p

U

lJ 2

(6.5)

(6.6)

where s is a non-dimensional stiffness factor and c is a carry-over factor tabulated by
Livesley and Chandler (1956); s and c are modified factors to consider the effect of
gusset plates at the ends of a member, p is a stability ratio of the external force P to the
Euler load PE, which can be written as
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P - KlEI

(6 7 .

For the top chords in the test dome, the value for / is taken as 202 mm and the valu
for g and g' are taken as 44 m m . Because the principal objective of the investigation is to
consider the effect of gusset plates on the flexural stiffness of the of a top chord, the
effect of axial force is neglected (i.e., P = 0). Here, the values of s and c are 1.8 and
1.0, respectively, according to Fig. 6.19 and Equations 6.1 to 6.6. This means that the
stiffness of the top chord is 1.8 times of the stiffness of the uniform beam without
gusset blocks. The above results are directly used in thefiniteelement models.

The model 3 is same as model 1 except that the stiffness of the beam is larger than
model 1, as well as model 4 which is similar to model 2 except for a larger stiffness of
the beam than that in model 2.

In models 5 and 6, the effect of joint size and stiffness are taken into account by
adopting a rigid "joint" element (Rigid Body Element R B E in M S C / N A S T R A N ) for
each top joint. Therigid"joint" elements, termed here, connecting the three intersecting
top chord elements, are used to simulate the size and stiffness of the top joint
connections. The models 5 and 6 are similar to models 1 and 2, respectively, except that
therigid"joint" elements are used to replace conventional joints.

M attempt was also made to establish another finite element model by the introductio
of additional nodes at the points of variations in stiffness along the element length.
However, it is found when using this approach it is difficult to obtain convergence for
the hexagonal grid dome because of the large difference in stiffness caused by the very
small length of elements needed to represent the joints, compared with the longer length
of the connected top chords.

6.3.2 Results of Finite Element Analyses

6.3.2.1 Space Shape
The deformed shapes obtained from the above finite element models are compared with
the test results in Table 6.4 in which the parameters are defined in Fig. 6.20. It can be
seen that all of the six models give a good prediction for the overall space shape of the
test dome. Except for term Z3, which has a tolerance of between 5.7% and 9.5%, and
the deflection Hs, which has a tolerance close to 5.6%, the tolerances of all other terms
are within 2 % . In terms of the overall shape of the hexagonal grid dome, model 2 gives
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Fig. 6.20

Domes

Dimension Representatives of Hexagonal Grid D o m e

Table 6.4 Dimensions of Hexagonal Grid Dome
with Different Finite Element Models (mm)
Model

XI

X2

X3

Zl

Z2

Z3

S

Hs

1

251.1^

747.6

1215.9

515.2

439.9

258.3

1708.0

256.9

2

251.1

747.4

1214.0

517.1

440.7

254.8

1700.0

262.3

3

251.1

748.2

1219.2

511.0

438.4

263.9

1720.8

247.1

4

251.1

748.0

1218.6

511.3

438.6

263.0

1718.0

248.3

5

251.1

747.6

1214.9

515.2

440.1

256.0

1708.2

254.2

6

251.1

747.6

1218.6

515.3

440.0

255.1

1707.2

260.2

251.1

747.5

1207.4

519.0

443.0

241.0

1708.0

278.0

Test

Fig. 6.21

Perspective View of Hexagonal Grid D o m e
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the best prediction. Based on the results of model 2, thefinalspace shape is shown in
Fig. 6.21, and the deformed shapes at different load steps are shown in Fig. 6.22.

(a) Load Step 10

(b) Load Step 20

(c) Load Step 30
Fig. 6.22 Shape of Hexagonal Grid Dome at Different Load Steps
The analysis results using models 3 to 6 show that the stiffness increase in
joints has very little effect on the overall deformation of the hexagonal grid dome. This
can be explained by the mechanism condition existing in the R L B dome. Comparing the
displacements allowed by the mechanism condition, the deformations of individual
members are too small to affect the overall shape.
6.3.2.2 Post-Tensioning Force
Fig. 6.23 plots the theoretical and experimental post-tensioning forces needed to form
the required space shape (80 m m gaps) of the hexagonal grid dome. The vertical
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displacement (displacement of center grid from the flat layout to the curved space
of the top grid is chosen as representative of the characteristics of the overall shape of the
hexagonal grid dome. It is seen that the tolerance differences between the measured and
predicted post-tensioning forces are between 2 6 % and 7 6 % . Although none of the
models gives an exact prediction of the post-tensioning force, they still provide some
measure of the order of magnitude of the post-tensioning forces.
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Fig. 6.23 Characteristic Force-Displacement Relationship
during Shape Formation

It is found that the post-tensioning force is 5.7 kN in model 1, and 10.3 kN in mod
Compared with the practical post-tensioning force of 7.8 k N , the discrepancy is 2 7 %
and 3 2 % , respectively. Also, it is found that the stiffness increase of the top chord
members, considering the effect of the gusset plates, has a significant effect on the posttensioning force, although it only has very little effect on the overall shape of the
hexagonal grid dome. The post-tensioning force is 9.8 k N with model 3 and 13.7 k N
with model 4, both of which are higher than the practical post-tensioning force.
However, it is found that therigid"joint" elements have very little effect on both the
overall deformation and the post-tensioning force of the hexagonal grid dome, compared
with models 1 and 2. The post-tensioning force is 5.5 k N with model 5, and 10.1 k N
with model 6. They are almost equal to those obtained with models 1 and 2,
respectively. It is interesting to note that the practical post-tensioning force is exactly the
average of the two values obtained in models 5 and 6.
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6.3.2.3 Member Axial Forces
Figs. 6.24 to 6.30 give the axial forces in some members. It is found that most of the
members have a very small axial force (within 4 kN) except members 1 and 4 (Figs.
6.24 and 6.26).
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Fig. 6.24 Axial Force in Member 1
(the Position of the Member is Shown in Fig. 6.7)
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Fig. 6.25

Axial Force in Member 3

(the Position of the Member is Shown in Fig. 6.7)
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Fig. 6.26 Axial Force in M e m b e r 4
(the Position of the M e m b e r is Shown in Fig. 6.7)
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Fig. 6.27 Axial Force in M e m b e r 7
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Test
Model 1
Model 2
Model 3
Model 4
Model 5
Model 6
10

5

Post-tensioning Force (kN)

Fig. 6.28

Axial Force in Member 9

(the Position of the Member is Shown in Fig. 6.7)
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Fig. 6.29

Axial Force in Member 10

(the Position of the Member is Shown in Fig. 6.7)
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Test
Model 1
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Model 4
Model 5
Model 6
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Fig. 6.30 Axial Force in M e m b e r 11
(the Position of the M e m b e r is S h o w n in Fig. 6.7)

The best agreement between the theoretical and experimental axial forces is o
model 4 for member 10 (Fig. 6.7) with an error of only 1.4% (Fig. 6.29). The largest
discrepancy is seen in the axial force of member 4 (Fig. 6.7) from model 6 with an error
of 9 7 % (Fig. 6.26). All the theoretical axial forces in member 9 are opposite to that of
the experimental result (Fig. 6.28).

The variability in member forces and their characteristics (tension or compre
be attributed to joint slippage, and the non-symmetrical post-tensioning operations, as
well as member imperfections and manufacttiring imperfections. Although the
percentage error in the axial forces of some members are significantly high, the
magnitude of the forces is relatively small compared with the failure load of the
corresponding members (refer to Appendix A for member failure loads). This applies to
all members with the six modelling techniques.

6.3.2.4 M e m b e r Flexural Force
Figs. 6.31 and 6.32 give the flexural stresses in some members (the positions of the
members are shown in Fig. 6.7). It is found that the theoretical stresses are much larger

than those of the test. This m a y be explained by the lack-of-fit of the two gusset plates at

the top joints. In the initial stage, the lack-of-fit of the joints allowed the sandwiched top
chords to have relativelyfreemovements. The dome behaved as a truss structure at this

stage. However, when the spaces in the joints were filled, the joints provided significant
stiffness to deformation. At this stage, the dome behaved as a frame structure. Such a
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truss^frame characteristic of the top chords will result in a reduction of the posttensioning forces and the flexural stiffness.
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6.3.3 Elaboration
The analysis results show that it is possible to predict the space shape of a hexagonal
grid d o m e with the finite element method, in spite of there being a relatively large
difference between the measured and predicted post-tensioning forces. Generally
speaking, model 2 (spaceframe analysis) can provide sufficient accuracy for the practical
design of such post-tensioned and shaped domes. From the test it is seen that the shape
of the d o m e is principally formed by the in-plane deformations of the top chord grids at
the top chord joints, and the out-of-plane deformations at the ends of the top chords. The
practical joints are semi-rigid, and such characteristics should be taken into account in
practical design.

According to the finite element analyses, it is found that the size and stiffness
members and joints have little effect on the overall shape of the hexagonal grid domes.
They only affect the values of post-tensioning forces and axial forces in members. The
shape of the hexagonal grid d o m e depends only on the positions and values of gaps
introduced in certain defined members. However, it seems that although the member
stiffness has little effect on the space shape of a post-tensioned and shaped space trass, it
does effect the post-tensioning forces, and thereby, the flexural stresses. A s shown in
Chapter 5 and Appendix B , the m a x i m u m flexural deformations of the top chords
determine the m a x i m u m curvature of a post-tensioned and shaped space truss.
Therefore, the shape of this type of hexagonal grid d o m e is also limited by the m a x i m u m
flexural deformations of the top chords. Within such a limitation, the size and stiffness
of the members and joints do not affect its overall shape.

6.4 ULTIMATE LOAD BEHAVIOUR OF HEXAGONAL GRID DOME
6.4.1 Ultimate Load Test
6.4.1.1 Support System
After the shape formation process, the experimental dome was mounted on a test rig as
shown in Fig. 6.33. A support system as shown in Fig. 6.34 was set up to restrain the
test d o m e to a statically determinate state. The vertical movements of the d o m e were
restrained by 18 pin-connected vertical supports made of steel members. The steel
members were connected to the top edge joints of the d o m e and to the hexagonal support
frame by screw eyes that allowed three dimensional rotation, as shown in Fig. 6.35. The
in-plane movements of the d o m e were restrained by two diagonally positioned steel
members on opposite sides of the test dome, together with a pin-connected steel member
preventing movement in the orthogonal direction.
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hexagonal
support
frame
vertical
restraints

in-plane
restraints

Fig. 6.33 Ultimate Load Test Set up for Hexagonal Grid D o m e

• Vertical support
o

-*

Horizontal support

Loading point

Span B = 2218m
Fig. 6.34 Support and Loading Joints of Test Hexagonal Grid D o m e
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Fig. 6.35 Vertical Support R o d s in Test Hexagonal Grid D o m e

With the above support system, all of the 21 mechanisms existing after shape form
were eliminated. The test dome became just statically determinate and the d o m e could
carry significant external loads.

6.4.1.2 Loading System
The vertical load was applied to the test d o m e by loading the w e b joints of the seven
center pyramidal units equally. A whiffletree system, as shown in Fig. 6.36, was
designed to distribute the single jacking load equally to the seven w e b joints. Twelve
pairs of strain gauges were used to measure the induced member stresses in certain
members. The positions of the strain gauge pairs, at the midlength of each member, are
given in Fig. 6.34.

The external load was applied to the dome by a hydraulic jack, and measured with a
cell, as shown in Fig. 6.37. The jacking force was increased step by step. The
increment in thefirst20 k N was 5 k N , followed by 10 k N increments until failure. The
load was then released and the final displacements and residual strains were obtained.
The average displacement of the seven w e b joints of the center pyramidal units w a s
measured with a L V D T .
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Fig. 6.36 Whiffletree for Test Hexagonal Grid Dome

Fig. 6.37 Load Cell Set up for Test Hexagonal Grid Dome
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6.4.1.3

Observations

During the test it was observed that the bottom chords become loose at a certain stage of
the loading process. The four bottom chords closest to the two in-plane support joints
became loose af a load of 22 kN, while the remaining eight bottom chords were free at a
load of 30 k N . A s indicated in Chapter 3, the loosening was due to the offset of the
initial compressive forces in the tubular bottom chords as the structure was loaded. A s
tensile forces were developed in the tubular bottom chords during the loading process,
the small compressive prestress forces in the tubular bottom chords induced in the posttensioning process were reduce to zero and the cables carried all of the tensile load in
the bottom chords. A s a result, the closed gaps opened again and the tubular bottom
chords loosened. Because the compressive force induced during the post-tensioning
process m a y differ in the bottom chords, and as only two in-plane boundary joints were
supported (Fig. 6.34), the loosening of the bottom chords m a y have been irregular.
Release of the applied vertical load caused the bottom chords to back into position and
locktightlyas at the start of the test. This indicated that the tensile cables were within
the elastic range during the loading stage.

The forms of the test dome during different loading stages are shown in Fig. 6.38.
6.39 shows the final shape of the test d o m e after the external load was released. It was
observed that the test d o m e reached its mtimate load of 49.8 k N when six critical w e b
members buckled successively (the positions of buckled w e b members are showed in
Fig. 6.40a). Then the load dropped slightly, which was followed by the successive
buckling of another twelve w e b members (Fig. 6.40b). It was seen that the d o m e failed
in an almost symmetrical manner. The seven center hexagonal pyramid units visually
attained the same level. All sections of the structure remained elastic apart from the failed
web members. Fig. 6. 41 shows buckled w e b members of the test dome.

6.4.1.4 Test Results
The characteristic structural response of the test dome is plotted in Fig. 6.42, in which
the displacement is the average of the displacements at the seven loaded bottom joints
(Fig. 6.34). It can be seen that the ultimate load was 49.8 k N with a corresponding
center grid displacement of 28 m m (point 1 in Fig. 6.42). After the successive buckling
of thefirstsix critical w e b members (Fig. 6.40a), the load dropped to 48 k N (point 1'
in Fig. 6.42). Then, it increased up again to 48.7 k N (point 2 in Fig. 6.42) w h e n the
second twelve w e b members (Fig. 6.40b) buckled successively. Consequently, the
load dropped to 44.8 k N (point 2' in Fig. 6.42). With a larger displacement, the load
increased up to 48.4 k N (point 3 in Fig. 6.42) without further failure of members.
Subsequently the load was released back to zero (point 4 in Fig. 6.42).
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(a) Before Loading

(b) After W e b Members Buckled

(c) Before Unloading
Fig. 6.38 Hexagonal Grid D o m e during Ultimate Load Test
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Fig. 6.39 Failed Hexagonal Grid Dome after Unloaded

reloaded points

(b) Second Failed Members

(a) First Failed Members

Fig. 6.40 Failure Patterns of Hexagonal Grid Dome

(a) Buckled Member (Pattern 1)

(b) Buckled Members (Pattern 2)

Fig. 6.41 Buckled Web Members in Hexagonal Grid Dome
220

Chapter 6 Regular-Layout-Based Domes

0

10

20
30
40
50
Deflection of Centre Grid (mm)

60

70

80

Fig. 6.42 Centre Grid Displacement during Ultimate Load Test

As indicated earlier, the test dome was restrained just to be statically deter
would be expected that the failure of one member would be sufficient for the dome to
reach its peak load and then collapse. The load-deflection curve of Fig. 6.42 shows that
the peak load was reached when the first six web members began to buckle. However,
apart from some fluctuations in load capacity with increasing deflection, the load was
effectively maintained for a continuing deflection oftfiree-timesthe deflection of the
initial peak load. After the first six web members buckled almost simultaneously, the
load capacity of the dome had only a drop of 4 % . Moreover, the load capacity had a
small increase (1%) before the other twelve web members buckled. Eighteen w e b
members failed by this stage.

The reason for the dome not collapsing after the first web member failure may
attributed to the collapse behaviour of the web members, the collapse pattern and the
jointrigidityof the test dome. As observed in the test, the collapse mechanism in the
dome only had one vertical direction. However, the vertical movement was restrained by
the bottom joints and the unfailed support web members. Due to the rigidity of bottom
joints (the web members were welded to them, see Fig. 4.8), the unfailed support web
members could not rotate vertically on the rigid bottom joints. In such a situation,
collapse of the dome was determined by the behaviour of the support web members.
W h e n the second twelve web members failed, the vertical movement wasfreed,and the
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large vertical displacement was possible. However, because the buckled web members
still had significant post-ultimate load capacity, the large displacements occurred slowly,
and the dome maintained an almost constant load capacity.
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Fig. 6.43 Displacements of Certain Top Joints during Ultimate Load Test
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Joint Displacement ( m m )
Fig. 6.44 Displacements of Certain T o p Joints during Ultimate Load Test
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Fig. 6.45 Displacements of Certain T o p Joints during Ultimate Load Test

The displacements of some joints are given in Figs. 6.43 to 6.45. It can be
during the elastic range, the discrepancy in the displacements of the top joints was small
and it increased only after the ultimate load was reached. However, the discrepancy was
invisible to the naked eye and the dome looked as if it failed in a symmetrical manner.
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Fig. 6.46 Axial Forces in T o p Chords during Ultimate Load Test
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Fig. 6.47 Axial Forces in T o p Certain Chords during Ultimate Load Test

The axial forces in certain top chords are plotted in Figs. 6.46 and 6.47 (me
positions are shown in Fig. 6.34). It was found that the loading process induced
compressive forces in all top chord members before the structure failed. The axial forces
were greatest among top chords at the center of the dome, and decreased as the distance
increased from the center of the dome. This distribution may be attributed to the support
condition of the dome. At the near edge of the test dome, the applied load could be
distributed to the support frame through the eighteen top edge joints, therefore, the
magnitude of the axial forces in the connecting edge members was subsequently small.
Also, it was found that the values of axial forces in some top chords (e.g., members 4
and 5 in Fig. 6.34) reduced with increase of the vertical load. This change was due to
the significant deflection of the dome, as large deformation can cause redistribution of
the member forces.

The axial forces in certain web members are given in Fig. 6.48 (member positi
shown in Fig. 6.34). The loading process induced compressive forces in the inside
support web members (e.g., members 10 and 11 in Fig. 6.34), and tensile force in the
outside support web members (e.g., member 9 in Fig. 6.34). The axial forces in some
critical web members (e.g., member 11 in Fig. 6.34) had reached their maximum value
of -14.2 k N (determined by test), before the test dome reached the ultimate load.
However, there was no significant deformation in such critical web members when the
critical w e b members reached their maximum load capacity. The large deformations of
the critical web members occurred after the test dome reached its ultimate load.
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6.4.2 Ultimate Load Analyses of Hexagonal Grid Dome
Like the previous analyses, the program M S C / N A S T R A N (1995) has been employed
to simulate the mtimate load behaviour of the test dome. The finite element analysis
commenced with the space shape of the test dome. For simplicity, the geometry of the
dome was based on the results of the shape formation analysis, instead of the real
geometry, because the error tolerance between them is small (within 3%) (Section 6.3).
All members in the dome were modelled as straight and uniform pin-jointed rod
elements because the failure of the dome was mainly caused by the inelastic buckling of
the critical web members according to the test. The positions of the joints were the same
as those for the shape formation analysis (Fig. 6.18). All restraint and load conditions
were the same as for the test dome (Fig. 6.34).

Two load cases were considered in the analyses. In the first case, the prestre
caused during the shape formation procedure was neglected. In the second case, the
prestress forces caused during the shape formation procedure were taken into account
by a fictitious temperature load.

6.4.2.1 Structural Behaviour of Individual M e m b e r s
To simulate the ultimate load behaviour of the test dome, the structural behaviours of the
truss members are needed in thefiniteelement model. In the ultimate load analyses
carried out here, the top chords and web members (except the critical ones) are treated as
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ideally elastic materials. The structural behaviours of the bottom chords and critical w e b
members are introduced into thefiniteelement model as follows.

Bottom Chords
During the loading test it was observed that when the total vertical load reached a certain
value, the bottom chords loosened. The loosening is due to the compressive prestress
forces in the bottom chords induced by the post-tensioning process being offset as the
tensile forces increased in the bottom chords during the loading test.

The bottom chords of the test dome are combined tube-cable members. As indicated i
Chapter 3, the structural behaviour of a combined tube-cable member in tension depends
on the axial force acting on it, and the prestress force induced during the shape
formation procedure. W h e n the external member force is less than the separating force,
the structural behaviour of the combined tube-cable member is determined by both the
tube and cable, as explained in Chapter 3. W h e n the external member force is larger than
the separating force, the structural behaviour of the combined tube-cable member is
determined by the cable, because the tube cannot carry tensile load.

As indicated in Chapter 3, the structural behaviour of a combined tube-cable membe
tension can be described by an "equivalent effective stiffness" represented by an
"equivalent effective modulus". However, because the prestress forces are small in the
test d o m e (the prestress forces are only due to the operation error and geometrical and
manufacturing imperfections), the combined tube-cable member can be treated as a cable
(Li and Schmidt 1996b). Here, the area of the bottom chords is given as that of the cable
(A = 24.6 mm2) in the analysis. The properties of the cables were: Young's modulus E
= 200 G P a , Poisson's ratio v = 0.3, the yield stress was 935 M P a (the experimental
structural behaviour of the cable is given in Appendix A ) .

Structural Behaviour of Critical Web Members
In thefiniteelement analyses only the nonlinear response of the critical w e b members
has been included, because other members were still in the elastic range even after the
test d o m e reached its ultimate load. The experimental response of an individual w e b
member, which is piece-wise linearized as described in Chapter 3, is shown in Fig.
6.49. For comparison, the observed result for an individual m e m b e r compression test is
also plotted in Fig. 6.49 (the detail for the individual member compression test can be
found in Appendix A ) . The w e b members are assumed to behave linearly up to the
buckling load of 12.7 k N , whereupon the member collapses and thereafter exerts a
constant force (12.7 k N ) . At the buckling load, zero stiffness is assumed giving a
constant force response.
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Fig. 6.49 Structural Behaviour of an Individual W e b M e m b e r
6.4.2.2 Prestress Forces in Critical M e m b e r s
To account for the effect of prestress forces induced during the shape formation
procedure, the equivalent initial "fictitious stress" method described in Chapter 3 is
employed in the dtimate load analysis of the hexagonal grid dome. T o create an
equivalent initial "fictitious stress" system in the finite element model of the ultimate load
analysis, all the critical w e b members and the members that have their prestress forces
measured during the shape formation procedure are given a temperature load at the start
of the ultimate load analysis. The value of the initial axial force developed by the
fictitious temperature load in every selected member is equal to the value measured in the
shape formation test, as listed in Table 6.5.
Table 6.5 Prestress Forces and Thermal Coefficients in Certain Members
Member

1

2

3

4

5

6

7

9

10

11

Force (kN)

1.4

-2.1

-0.6

-10.

-4.1

-2.

-1.3

-1.1

-1.5

-2.7

6.35

2.56

1.24

0.81

0.68

0.93

1.69

Thermal Coefficiem
-0.89
(X 10 4 )

1.31

0.37

Note: (1) T h e positions of m e m b e r s are shown in Fig. 6.7;
(2) T h e forces in m e m b e r s 8 and 12 are omitted due to failed strain gauges.
The fictitious temperature load is applied to every selected member by giving the
member a thermal coefficient (listed in Table 6.5), and a temperature load of 1 °C to the
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relevant joints in the finite element analysis of dtimate load behaviour. Because the
symmetry, all the members that have the same positions with the members listed in
Table 6.5 are also given fictitious temperature load.

The thermal coefficients of individual members, listed in Table 6.5, are determined b
linear analysis based on a trial and error method. It should be noted that the fictitious
temperature load m a y result in axial forces in all members. T o ensure the prestress
forces in the selected members developed by thefictitioustemperature load are the same
as those developed in the shape formation procedure, the axial forces in other members
developed by thefictitioustemperature load m a y differ from those developed in the test
dome. A s a result, the axial forces in the other members given by the nonlinear analysis
are different from their values obtained during the ultimate load test. However, because
the prestress forces developed by thefictitioustemperature load are small, and the axial
forces in these members are still within the elastic range w h e n the structure reaches its
ultimate load, the differences in practical and theoretical (given by the temperature load)
prestress forces can be neglected.

The experimental axial forces in web members 8 and 12 were missed due to failed stain
gauges. However, the theoretical analyses indicated that their axial forces are relatively
small during the shape formation stage. The axial force in w e b m e m b e r 8 is -2.54 k N
with model 1 (Table 6.3) and -2.92 k N with model 2 (Table 6.3). The axial force in w e b
member 12 is 2.53 k N with model 1 and 3.73 k N with model 2 (Table 6.3). Also,
during the ultimate load test, w e b members 8 and 12, and the members that had the same
positions with them, experienced no significant deformation. This demonstrated that the
axial forces in the w e b members 8 and 12 were within the elastic range in both the shape
formation and the loading processes. Therefore, neglect of their initial prestress forces
only has small effect on the theoretical structural behaviour of the test dome.

6.4.2.3 Results of Finite Element Analyses
The theoretical and experimental curves for the characteristic behaviour of the test d o m e
are shown in Fig. 6.50, in which the displacement is the average of the displacements at
the seven loaded bottom joints (Fig. 6.34). It can be seen there are slight fluctuations in
the theoretical structural responses, due to the axial forces changing with the large
deformation of the dome.

Comparison with experimental results shows that the analysis considering the prestres
forces in the critical w e b members gives a better prediction for the truss ultimate load.
The calculated ultimate load capacity is 74.7 k N in the analysis without considering the
prestress forces in the critical members, and 61.8 k N in the analysis considering such
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prestress forces. This indicates that the post-tensioning process has caused a reduction
in the truss ultimate load capacity. The reduction is about 1 8 % , due to the existence of
the compressive prestress forces in the critical w e b members after the shape formation.
The following discussion is based on the analysis considering prestress forces in the
critical w e b members.
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Fig. 6.50 Load-Displacement Plot during Ultimate L o a d Test

It should be noted that the joint displacements given by the analysis involving prestress
forces m a y differ from the test values, because the fictitious temperature load has caused
additional deformations which do not exist in the test truss. In the practical posttensioned and shaped space truss, any prestress forces induced during the shape
formation procedure develop no deformations in the ultimate load test (because the
prestress forces are used to form the space shape, and the ultimate load test commences
from the deformed space shape). Therefore, the additional joint displacements caused by
the thermal load need to be subtracted from the results of the nonlinear finite element
analysis. Although the deformations caused by the fictitious thermal load are relatively
small compared to the overall shape of the test dome, the additional joint displacements
caused by the fictitious thermal load are too large to be neglected compared with the joint
displacements caused by the external load. The values of the additional displacements
caused by the fictitious temperature load can be found in the results of the linear
analysis. The additional displacement (2.6 m m ) caused by the fictitious thermal load are
taken off in the theoretical structural behaviour shown in Fig. 6.50.
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The theoretical ultimate load was not reached in the test, with a discrepancy of 2 0 % ,
even w h e n the prestress forces in the critical w e b members are taken into account. This
discrepancy connot be attributed to neglect of the initial prestress forces in w e b
members 8 and 12, because w e b members 8 and 12, and the members that had the same
positions with them, experienced no significant deformation during the ultimate load
test. Also, the theoretical analysis indicated that the axial forces in w e b members 8 and
12 were within 0.1 k N .

This discrepancy is most likely explained by the behaviour of the trass members, which
m a y be different from the behaviour of the individual m e m b e r due to the different
restraint conditions, the geometric tolerance between the finite element model and the
test d o m e , as well as the rotations and slippage of joints.

It should be noted that the web member behaviour was of the form shown in Fig. 6.49,
which exhibited a relatively mild softening characteristic under increasing axial
deflection. This behaviour was due to the significant end eccentricity of the joints
between the w e b m e m b e r end and the chord joint blocks (Fig. 6.5). It can be concluded
that concentrically connected w e b members would have furnished a greater load
capacity for the dome. However, its structural response would have been of a brittle
type, rather than the ductile type of response obtained with the eccentrically connected
w e b members. Marsh and Raissi (1984) have pointed out a similar response in earlier
studies with eccentrically connected w e b members.

The test and the analyses show good agreement in the collapse pattern for the type of
d o m e under investigation. In thefiniteelement analyses, the six critical w e b members
also buckle simultaneously and have the same position as thefirstbuckled w e b
members in the test (Fig. 6.40a). Also, both the test and the analysis show that such a
collapse pattern does not cause an abrupt drop in load capacity. T h e ductile
characteristic can provide advantages in some applications (i.e., anti-seismic structares)
where conventional space trasses with brittle type behaviour m a y be unsuitable.

The stiffness of the post-tensioning cables has a significant effect on the overall
of the post-tensioned and shaped hexagonal grid dome. For the test d o m e supported at
boundary top joints, the in-plane restraints of the w e b joints are provided by the posttensioning cables once the compressive forces in the tubular bottom chords are offset by
the external load. Because the stiffness of the cables is small, a relatively small vertical
load can cause a large stretch of the cables. The large axial deflection of the cables would
allow large in-plane movement of w e b joints. The in-plane movement will allow the
d o m e to flatten, resulting in a large vertical deformation.
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Fig. 6.52 Axial Forces in Top Chords during Ultimate Load Test
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Fig. 6.53 Axial Forces in W e b M e m b e r s during Ultimate L o a d Test

The theoretical and experimental axial forces in some top chords and web member
shown in Figs. 6.51 to 6.53. It should be noted that the theoretical axial forces in most
of the members reduced after the ultimate load was reached, except the failed members
like member 11 (Fig. 6.34). For most members, agreement between the experimental
and theoretical results is reasonable. However, there are relatively large differences
between theory and test in some members (e.g., members 3 and 11 in Fig. 6.34). The
differences can be attributed to the geometric imperfections, the axial load not being
applied axially along the center of the w e b members, and the rotations and slippage of
joints. Because the effects of the above factors cannot be determined precisely due to
their random nature, caution is needed in estimating the load capacity of such domes
joined in this way.

6.5 ULTIMATE LOAD BEHAVIOUR OF RETROFITTED D O M E
6.5.1 Retrofitting of Collapsed Dome
In the ultimate load test of the original dome, 18 critical w e b members buckled at
approximately the same external load for the dome, while all the other members
remained in the elastic range. Improvement of the load capacity of these critical w e b
members would increase the ultimate load capacity of the dome.
232

Chapter 6 Regular-Layout-Based Domes

It is also noted that the collapse mechanism, caused by the failing of some support w e b
members, provides a possibility of re-erecting this type of d o m e in situ from the flat
condition. T h e buckling of the critical w e b members only induces large vertical
displacement of the chords, and the collapse mechanism has only one vertical direction.
This indicates that if the buckled w e b members are straightened to their original length,
the failed d o m e should regain its original shape.

To examine the possibility of re-erecting the dome in situ, it is necessary to recall
support system of the failed dome. A s shown in Fig. 6.54, all of the 21 mechanisms
existing after the shape formation procedure were restrained by additional supports of
the test dome. The d o m e was just in a statically determinate state because the number of
existing mechanisms was zero.

According to a generalized Maxwell criterion (Calladine 1978), the removal of any
m e m b e r will create one mechanism in a statically determinate structure. This mechanism
will allow the structure to deform significantly with a small external force. B y
controlling the movement of the mechanism, the shape of the structure can be changed,
provided the geometric compatibility condition (Schmidt and Li 1995a) is satisfied. In
the failed d o m e , the buckled w e b members allow the mechanism for deflection to be
established. These members can be straightened with relatively small external forces,
because only the self weight of the d o m e and flexural stiffness of the buckled w e b
members provide any significant resistance to the straightening deformation. Therefore,
at least theoretically, it is possible for the d o m e to be deformed back to its original shape
if the buckled w e b members are straightened to their original length.

In the first ultimate load test, 18 web members of the test dome buckled. Here, all of
18 buckled w e b members (as indicated by "s" in Fig. 6.54) were straightened with a
simple straightening device as shown in Fig. 6.55. The straightening device consisted
of a stiff steel tube acting as a simply supported beam over the length of the w e b
members, together with a central threaded bolt that forced the w e b members to a straight
shape. Because of the simplicity of the straightening device, the buckled members did
not regain their original straightness completely; some small curvatures still remained on
the members. Therefore, the overall height of the re-erected d o m e w a s 11.3 m m lower
than that of the original dome. The side elevation geometry of the re-erected d o m e on a
centreline is shown in Fig. 6.56. Despite the small difference, the exercise has proved,
however, that it is possible to re-erect a failed d o m e in situ. Furthermore, it appears
possible to erect this type of domic structure from an initial near-flat layout by changing
the length of some support w e b members, provided the mechanism and geometric
compatibility conditions (Schmidt and Li 1995a) are satisfied.
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Fig. 6.55 Straightening Device of Failed W e b M e m b e r s
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Because all members, except the buckled web members, were still in elastic range, and
the structural behaviour of the original test dome was principally determined by the
structural behaviour of the 18 critical web members according to the original test
results, only these buckled web members were "stiffened after straightening. The
stiffening of the buckled web members was completed by bolting two 50 x 4 x 300 m m
steel plates to each of the 18 buckled web members. Fig. 6.57 shows the detail of the
stiffened web members. The retrofitted dome is shown in Fig. 6.58.

To obtain the structural behaviour of the stiffened web members, a stiffene
member was tested with one endfixedand the other pin-connected with an eccentricity
of approximately 8 m m (equal to the measured eccentricities in the test dome). The
compressive axial force-deflection characteristic for the stiffened web member is shown
in Fig. 6.59, and is compared with that of the original unstiffened web member. It can
be seen that the maximum load capacity of the stiffened web member was -30.9 k N ,
which was more than twice that of the original unstiffened web member (-12.7 kN).
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Axial Displacement (mm)
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8

Fig. 6.59 Structural Behaviour of an Individual Stiffened Web Member

6.5.2 Ultimate Load Test of Retrofitted Dome
The ultimate load test for the retrofitted dome was carried out on the same test rig as for
the original dome (Fig. 6.33). The same support system and whiffletree system as for
the original test dome were used to support the retrofitted dome and to distribute the
jacking load uniformly to the bottom joints of the seven centre pyramidal units. The
external load was applied by a hydraulic jack. Twelve pairs of strain gauges, whose
positions are given in Fig. 6.54, were used to measure the induced member stresses.
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As for thefirsttest it was observed that the bottom chords became loose at a certain
stage of the loading process of the current test dome. T w o bottom chords on opposite
sides of the dome became loose at a total vertical load of 30 kN, while the remaining
four bottom chords were free at a load" of 45 kN. As explained previously, the
loosening was due to the reduction of compressive forces in the bottom chords as the
structure was loaded.

The characteristic structural response of the retrofitted dome is plotted i
which the displacement is the average of the displacements at the seven loaded bottom
joints (Fig. 6.34), and is compared with that of the original test dome. During the
ultimate load test of the retrofitted dome, it was observed that when the total vertical
load reached 70 k N (point 1 in Fig. 6.60), the stiffened web members had a slight
deformation at their upper ends due to large bending movement. At a load of 90 k N
(point 2 in Fig. 6.60), a bolt that connected the web member to a top joint (position is
shown in Fig. 6.61) was fractured due to the large shear force. As a result, the load
dropped to 75 k N (point 3 in Fig. 6.60). However, when one stiffening plate on its
freed web member interacted with a fractured bolt, and was prevented from further
movement, the vertical load increased up to its ultimate value of 91 k N (point 4 in Fig.
6.60). Then, the load dropped to 90 k N (point 5 in Fig. 6.60), and without increment
in load capacity the dome deformed to the point 6 (Fig. 6.60). Consequently, the load
was released back to zero (point 7 in Fig. 6.60).
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Fig. 6.60 Experimental Structural Behaviour of Retrofitted D o m e
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Fig. 6.62 Failed W e b M e m b e r and Fractured Joint in Retrofitted D o m e

At the end of the test, the critical web member connected to the fixed support
the fractured top chord joint (member 13 in Fig. 6.61) had significant flexural
deformation at the top end, outside the stiffened length. Thefinalshape of the buckled
w e b m e m b e r is shown in Fig. 6.62. Due to the stiffeners at the critical w e b members,
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the strain gauges cannot give good values of the axial forces. However, thefinalshapes
of the critical web members can provide some information. Only one critical web
member deformed to the shape like that of an individual test member that reached its
ultimate load of 30.9 kN. The other critical web members, although they experienced
slight deformation, had not reached the deformed shape of the individual member that
reached its ultimate load of 30.9 kN. Based on the above observation, it can be said that
only one critical web member failed at thetimethe dome obtained its ultimate load.

It can be seen in Fig. 6.60 that the ultimate load capacity of the retrofitt
increased by 8 2 % , compared with the results of the original dome. Also, the retrofitted
dome has a greater initial stiffness than the original dome due to the increased effective
cross-section of the stiffened web members. However, compared with thefirstultimate
load test of the unstiffened dome that had a ductile type of response, the structural
response of the current dome was of a brittle type. This behaviour occurred because the
retrofitted dome failed by the fracture of the top joint (position is shown as f in Fig.
6.61) and the buckling of the critical web member at the top end (member 13 in Fig.
6.61) during the ultimate load test.

The displacements of some joints on the central ring are given in Figs. 6.63
can be seen that during the initial range, the discrepancy in the relative displacements of
the top joints was small. After the web member (member 13 in Fig. 6.61) buckled and

100 -i 1

Displacement of Joints ( m m )
Fig. 6.63 Displacements of Certain T o p Joints in Ultimate Load Test
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The axial forces in certain top chords are plotted in Fig. 6.66 (member positions are
shown in Fig. 6.61). Similar to the first ultimate load test, the axial forces were greatest
among members at the centre of the dome. The maximum axial force in the top chords
* occurred in member 1 in Fig. 6.61 with a value of -34.6 kN. A s the distance increased
from the centre of the dome to the edge, the axial forces decreased. Also, some top
chords (e.g., member 4 in Fig. 6.61) had a tensile axial force. This distribution m a y be
attributed to the support condition of the retrofitted dome.

Fig. 6.66 Axial Forces in Certain T o p Chords in Ultimate L o a d Test

6.5.3 Ultimate Load Analyses of Retrofitted Dome
The program M S C / N A S T R A N (1995) is employed to predict the ultimate load of the
retrofitted dome. The geometry of thefiniteelement model is based on the real geometry
of the test dome because the difference between theoretical and experimental shape
becomes larger after retrofitting. All members in the dome are modelled as straight and
uniform pin-jointed rod elements because the failure of the dome was mainly caused by
buckling of the critical w e b member according to the test.

6.5.3.1 Structural Behaviour of Individual Members

Top Chords and Web Members
In the ultimate load analysis of the original dome (Section 6.4), the theoretical Young's
modulus (E = 200 GPa) is employed. In the ultimate load analysis of the retrofitted
dome, however, it is found that the structural behaviour obtained using the theoretical
Young's modulus furnished a large difference from the experimental structural
behaviour. The reason for the difference m a y be attributed to the geometrical and
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mechanical imperfections, and plastic deformations andrigidityof joints, as indicated in

Chapter 3. Due to thefirstultimate load test, such imperfections may be enlarged and the
load carrying capacity and stiffness of the members may reduced. Therefore, the
experimental Young's modulus is used in some of the following analyses.

According to the test results, the properties of the top chords and
Young's modulus E = 138 GPa, Poisson's ratio v = 0.3, the yield stress is 450 M P a for
the top chords, and 440 M P a for the web members (Appendix A).

Bottom Chords

The same as for the analysis of the original dome, the area of the bottom chords is give

as that of the cable (A = 24.6 mm2) in the ultimate load analysis of the retrofitted dome.
The properties of the cables are: Young's modulus E = 200 GPa, Poisson's ratio v =
0.3, the yield stress is 935 M P a (Appendix A).

Structural Behaviour of Critical Web Members
The experimental structural behaviour of a stiffened critical web member is shown in
Fig. 6.59. In the finite element analyses, the experimental structural response of the
stiffened critical web member is linearized by a piecewise linearization method (Schmidt
et al. 1976). As shown in Fig. 6.67, the critical web member is assumed to behave as
follows: the load capacity increases linearly up to the load of 13.8 kN, and then, with a
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slight reduction in stiffness, it increases linearly up to the buckling load of 30.9 k N ,

whereupon the member collapses and thereafter exerts a negative stiffness. In reality, the
post-ultimate capacity will finally tend toward zero, but this will only be true for very
severely deformed members.

6.5.3.2 Prestress Forces in Critical Members
To account for the effect of prestress forces induced during the shape formation
procedure, the two methods described in Chapter 3 can be employed in the ultimate load
analysis. One approach is to create an equivalent "fictitious initial stress" system by a
temperature load in the finite element model. The other approach is to take off the
prestress force directly from the structural response of the critical members.
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Fig. 6.68 Structural Behaviour of Stiffened W e b M e m b e r
Considering Prestress Axial Force

In thefiniteelement models used here, only the prestress forces developed in critical
members during the shape formation procedure are directly taken off from their
stractural behaviour (the prestress forces in other members have not been considered
because they are relatively small, and the axial forces in these members are still within
the elastic range when the retrofitted dome reaches its ultimate load). A s shown in Fig.
6.68, the lower coordinate system is used to describe the stractural behaviour of the
critical member that has no prestress (it is the same as that shown in Fig. 6.67). The
upper coordinate system is used to describe the structural behaviour of the critical
member with a compressive prestress force. It is obtained by moving the original
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coordinate system vertically to the position of 2.7 k N , and then moving it horizontally to
the point where the vertical axis interacts with the structural curve. The point is defined
as the origin of the n e w coordinate system to describe the stractural behaviour of the
critical w e b m e m b e r with prestress. Under such a coordinate system, the stractural
behaviour of the critical w e b m e m b e r shown in Fig. 6.68 can be described as follows:
the load capacity increases linearly up to the load of 11.1 k N , and then, with a slight
reduction in stiffness, it increases linearly up to the buckling load of 28.2 k N ,
whereupon the m e m b e r collapses and thereafter exerts a negative stiffness.

6.5.3.3 Finite Element Models
T o consider the effects of prestress and geometrical imperfections, the retrofitted d o m e
is analyzed with four different computer models. The Young's modulus of the material
is based on the test result, i.e., E = 138 G P a , except in model 4 where E = 200 G P a .
All restraint and load conditions are the same as for the test dome, i.e., the d o m e is just
statically determinate and the vertical load is equally applied to the seven bottom joints.
In thefiniteelement model 1, the prestress forces caused during the shape formation
procedure are neglected. Only the nonlinear response of the critical w e b members has
been included. The w e b m e m b e r response is as that shown in Fig. 6.67.

In model 2, the prestress forces in the critical web members caused during the sha
formation procedure are considered. The measured m a x i m u m axial compressive force
of -2.7 k N induced during the shape formation procedure is directly taken off from the
stractural response of the critical w e b members, as shown in Fig. 6.68.

In model 3, both the prestress forces and the geometrical imperfections are consid
The prestress is included in the finite element model as it has in model 2. The
geometrical imperfections are only given at the fractured joint (Fig. 6.61) and the
members connected to this joint. The fractured joint is lowered 5 0 m m from its original
position in the initial geometrical model. This value is not the actual value of the
geometrical imperfection occurring in the test dome; it is only used to investigate the
sensitivity of this d o m e to this type of geometrical imperfection.

Model 4 is the same as model 1, except that the Young's modulus of the material is
taken as E = 200 GPa. The objective of model 4 is to determine the structural behavior
of the d o m e with perfectly straight steel members.

6.5.3.4 Results of Finite Element Analyses
The theoretical curves obtained by the four finite element models are shown in Fig. 6.69
and are compared with the experimental curve. It can be seen that the theoretical ultimate
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load is 157.5 k N in model 1, 146 k N in model 2, 122.5 k N in model 3 and 159.5 k N in
model 4. Obviously, the test d o m e has not reached any of them, with a discrepancy of
between 26 and 4 3 % . Compared with model 1, it can be seen that the prestress m e m b e r
forces induced during shape formation cause a reduction of 7.3% in the ultimate load
capacity, and the given geometrical imperfections have caused a reduction of 1 6 % . This
indicates that the post-tensioned and shaped steel d o m e investigated here is sensitive to
geometrical imperfections.

From Fig. 6.69 it can be seen that the theoretical stiffness obtained by models 1, 2
3 is larger than that of the test d o m e only after the total vertical load is over 60 k N , and
the stiffness obtained by model 4 is larger than that obtained by other models. The
analyses considering the reduction in m e m b e r stiffness can give a more exact prediction
for the overall stiffness of the retrofitted dome. This indicates that the effective stiffness
of the members is reduced by geometrical and mechanical imperfections, plastic
deformations andrigidityof joints, and particularly, the not-completely-straightened
critical w e b members after theirfirstfailure. The existing imperfections in the members
cannot only reduce the overall stiffness, but also can reduce the load carrying capacity
of the dome.
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The theoretical collapse patterns for the retrofitted d o m e are different from each other.
In models 1, 2 and 4, all of the six critical w e b members (member 13 and the other five
members that have the same position as the m e m b e r 13 in Fig. 6.61) reached their
ultimate load w h e n the d o m e reached its ultimate load. In model 3, only the critical w e b
m e m b e r connected to the fixed support joint and the joint given a geometrical
imperfection (member 13 in Fig. 6.61) reached its ultimate load w h e n the d o m e reached
its ultimate load. The collapse pattern obtained in model 3 is in agreement with the
observation in the test dome.

Both the test and the analyses show that the stractural response of the retrofitted
was of a brittle type. The brittle-type characteristic of the test d o m e w a s due to the
fracture of the top joint, while the main reason for the brittle-type behaviour of the
analyzed d o m e was because the w e b m e m b e r response was of the form shown in Figs.
6.67 and 68, i.e., the structural response of the critical w e b members w a s of a brittle
type. The brittle-type characteristic of the critical compressive w e b members under
increasing axial deflection was due to the stiffening plates not extending over the whole
length of the critical w e b members (Fig. 6.57).

Based on the above analyses, the premature fracture of the top joint in the test dom
the main reason for the difference between the theoretical and experimental ultimate load
capacities of the retrofitted dome. D u e to the not-completely-straightened critical
compressive w e b members after their first failure, there were differences in lengths and
curvatures of the stiffened members. This means that the retrofitted d o m e had initial
geometric imperfections. A s the vertical load increased, the geometric imperfections
increased, and the test d o m e became unsymmetrical. A s a result, the force distribution
in the test d o m e became unsymmetrical, even with a uniformly distributed vertical load.
Therefore, one of the critical w e b members buckled and the premature fracture occurred
at one top joint. H a d not the premature fracture occurred, the load capacity of the
retrofitted d o m e would have continued to increase, because the vertical load could be redistributed in the test dome.

It is worth indicating that the first reduction in the stiffness of the critical we
only has slight effect on the theoretical stiffness of the retrofitted d o m e . A s shown in
Fig. 6.70, w h e n the vertical load reaches 73.8 k N in the analysis with model 1, the
axial forces in all the six critical w e b members (member 13 and the other five members
that have the same position as m e m b e r 13 in Fig. 6.61) reach the value of 13.8 k N in
Fig. 6.57. It is expected the reduction in the stiffness of all the six critical w e b members
would cause an obvious change of the overall stiffness. However, such a change has
not happened according to the results of analysis with M S C / N A S T R A N (1995).
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Fig. 6.70 Detail of Ultimate Load Analysis with Model 1

Because the stractural behaviours obtained by using models 1, 2 an

difference within the test ultimate load (Fig. 6.69), the theoretical axial forces obtaine
by the finite element analysis with model 1 are compared with the experimental values
in the following figures.

The theoretical axial forces in some top chords are shown in Figs.
(member positions are shown in Fig. 6.61), and are compared with the experimental

axial forces. The maximum axial force in the top chords occurred in member 1 (and the
otherfivemembers that have the same position as the member 1) in Fig. 6.61 with a

value of -50.8 kN. Also, some top chords (e.g., member 4 in Fig. 6.61) had a tensile
axial force. This is in agreement with the test results.

The theoretical axial forces in some web members are shown in Fig.
experimental axial force in member 9 in Fig. 6.61 is compared with the theoretical
value, because the experimental values of the other members had not been obtained in

the test. The theoretical maximum axial force in the web members is found in member
11 (and the otherfivemembers that are in the same position as member 11) in Fig.

6.61. When the axial forces in the six critical web members reach their maximum value
of -30.9 kN, the retrofitted dome reaches its ultimate load capacity.
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From Figs. 6.71 to 73 it can be seen that there are relatively large differences in
forces between theory and test. The m e m b e r forces measured in the test were larger than
those obtained in the analysis. The differences can be attributed to the geometric
imperfections caused by the not-completely-straightened critical w e b members after their
first failure. T h e geometric imperfections of the retrofitted d o m e caused an
unsymmetrical force distribution in the test d o m e under a uniformly distributed vertical
load. Because the measured members are near to the fractured top joint (Fig. 6.61), their
axial forces are larger than the theoretical values. These forces m a y be larger than those
of the members that are in the same positions as the individual m e m b e r but are located
further from the fractured top joint.

6.6 SUMMARY OF THE CHAPTER
In this chapter a Regular-Layout-Based ( R L B ) hexagonal grid d o m e is constructed by
means of post-tensioning method. Then, the test d o m e is loaded to failure in order to
determine the ultimate load behaviour. Afterfirstloading to failure, the test d o m e w a s
modified in situ by straightening and increasing strength of the critical w e b members.
Finally, the ultimate load capacity of the retrofitted d o m e is investigated by test. All the
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above test are analyzed with the finite element method. The principal results of the tests
and analyses are summarized as follows.

It is possible to shape a hexagonal grid planar trass into a spherical-like dome by
of the post-tensioning method. A regular planar layout and relevant post-tensioning
method for a hexagonal-grid d o m e have been presented and the feasibility of shaping
and erecting is verified by the experiment results. Also, it is possible to re-erect a failed
d o m e in situ, and the re-erected d o m e still has significant load carry capacity, if the
failed members are efficiently stiffened. The re-erection procedure can be used to erect
this type of d o m e from an initial near-flat layout, by changing the lengths of selected
w e b members. This m a y be regarded as an alternative method for construction of this
type of post-tensioned and shaped steel dome.

It is possible to predict the space shape of Regular-Layout-Based (RLB) post-tension
and shaped domes with the finite element method. The difference between theoretical
and experimental space shape of such a hexagonal grid d o m e is small. However, there
are large differences between the theoretical and experimental post-tensioning forces and
axial forces because the test d o m e involves near-mechanisms but not ideal mechanisms,
norrigidjoints. But the magnitudes of both theoretical and experimental axial forces are
relatively small, compared with the experimental failure load of the corresponding
members. Therefore, the post-tensioned and shaped space d o m e still has enough
strength to carry significant external loads.

According to the finite element analyses, the size and stiffness of members and join
have little effect on the overall shape of the hexagonal grid domes. They only affect the
values of the post-tensioning force and the m e m b e r axial forces. T h e shape of the
hexagonal grid d o m e depends only on the positions and values of the gaps introduced in
certain defined members. However, the characteristics of members and joints determine
the m a x i m u m elastic curvature of a post-tensioned and shaped space dome. The
m a x i m u m curvature of a practical d o m e m a y be determined by the mechanical
properties, such as the yield point of the top chord materials and the stractural
characteristics of the top joints (pin-connected or rigid).

The proposed post-tensioned and shaped domes have a satisfactory load capability. Th
ultimate load is 49.8 k N for thefirsttest d o m e and 91 k N for the retrofitted d o m e . T h e
overall failure of thefirsttest d o m e was due to w e b m e m b e r failure rather than primary
top chord failure. O w i n g to the eccentrically connected w e b members, an overall ductile
type of load-deflection response was obtained for thefirsttest dome. The overall failure
of the retrofitted d o m e w a s due to the buckling failure of a w e b m e m b e r and a further
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shear failure of top joint. T h e structural response of the retrofitted d o m e w a s of a brittle
type because the retrofitted d o m e failed by the fracture of the top joint.

The ultimate load behaviours of the test domes are simulated using nonlinear finiteelement analyses. T h e nonlinearfiniteelement analyses have incorporated the structural
behaviors of the critical w e b members and top chords, the prestress m e m b e r forces
caused during the shape formation procedure, and geometrical imperfections. It has
been shown that test d o m e s have not reached the theoretical predictions of the ultimate
load capability, with a difference of between 2 0 % and 4 2 % . The difference between
experiment and theory is principally due to joint eccentricity and joint slippage, and due
to the geometric imperfections caused by the not-completely-straightened critical w e b
members after theirfirstfailure for the retrofitted dome.

The analysis results indicate that both prestress and the geometrical imperfections ca
cause a reduction in ultimate load capacity of this type of dome. The post-tensioned and
shaped steel domes investigated here are sensitive to the geometrical imperfections. T h e
post-tensioning operation has caused a reduction of 1 8 % in load capacity for the first
d o m e , and a reduction of 7.3% for the retrofitted dome. This reduction is due to the
existence of compressive prestress forces in the critical w e b members after shape
formation. However, compared with the simplicity in construction and erection
procedure, the post-tensioned and shaped space trusses still have evident advantages in
economy.
The structural behaviour of the critical web members has a significant effect on the
ultimate load capacity of the post-tensioned and shaped domes. T h e ultimate load
capability of the retrofitted d o m e has almost doubled that of the original d o m e due to
certain critical w e b members being stiffened. Also, the retrofitted d o m e has a greater
initial stiffness than the original d o m e (Fig. 6.60) due to the increased effective crosssection of the stiffened w e b members.

The stiffness of the post-tensioning cables has a significant effect on the overall
stiffness of the post-tensioned and shaped hexagonal grid d o m e . It can be anticipated
that an increase in stiffness of the post-tensioning cables can give a considerable
improvement on the overall stiffness of the domes like the test d o m e herein.
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CHAPTER 7

TEST AND ANALYSIS OF A
FULL-SIZE PYRAMIDAL UNI

The objective of this chapter is to investigate the possibility of constructing p
space trasses by means of the post-tensioning method. First, a full-size pyramidal unit
suitable for a practical space truss is tested and analyzed. Then, the essential aspects that
lead to shape formation and self-erection of practical post-tensioned and shaped space
trasses, particularly the difference between practical space trusses and laboratory
models, are discussed.

7.1 POST-STRESSING TEST OF A FULL-SIZE PYRAMIDAL UNIT
7.1.1 Post-Stressing Test of a Full-Size Pyramidal Unit
The test pyramidal unit is shown in Fig. 7.1, and its geometry is shown in Fig. 7.2. The
test pyramidal unit has member sizes suitable for a full-size practical space trass. All
members in the experimental pyramidal unit were made of 76 x 5.5 m m circular hollow
section (CHS) steel tubes with a length of 2250 m m . The properties of the steel were as
follows: Young's modulus E = 200 GPa, Poisson's ratio v = 0.3, and the yield strength
ay = 350 M P a (nominal strength Grade 350 steel).
The full-size test pyramidal unit was assembled on the floor. All the members in
pyramidal unit were connected using the M E R O joint system. The details for the M E R O
joint system are shown in Fig. 7.3, and a practical M E R O joint used in the test
pyramidal unit is shown in Fig. 7.4.
The objective of the experimental program was to investigate the deformations of
size practical pyramidal unit with an independent mechanism. The test procedure aimed
to simulate approximately the behaviour of a full-size pyramidal unit in a prototype posttensioned and shaped space truss.
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Fig. 7.1 Full-Size Test Pyramidal Unit

The post-stressing test was carried out on the floor. During the test procedure, the
pyramidal unit was supported at the three joints as shown in Fig. 7.2. Joint 1 (Fig. 7.2)
was fixed to the ground. Joint 2 (Fig. 7.2) was only vertically restrained and it could
slide horizontally and rotate during the test procedure. Joint 3 (Fig. 7.2) was restrained
in two directions and it could only slide horizontally along direction A - A in Fig. 7.2.
Joints 4 and 5 in Fig. 7.2 were free during the test procedure.

In the test pyramidal unit, the total number of members b was 8; the total number of
joints j was 5, and the number of restraints r was 6. Substituting the above values into
Equation 3.1, it was found t h a t M = 1 (R = -1 and S = 0). This result meant that the test
pyramidal unit had the basic characteristic of an S C S T , i.e., it included an independent
mechanism.
The test pyramidal unit was post-stressed by jacking joint 3 toward the fixed joint
along direction A - A (Fig. 7.2). A hand-operated hydraulic jack was connected to the
loading joint (joint 3 in Fig. 7.2) as shown in Fig. 7.5. In the following sections, the
loading diagonal (diagonal A - A in Fig. 7.2) is called the active diagonal, and the other
diagonal (diagonal B-B in Fig. 7.2) is called the passive diagonal.

The post-stressing process commenced with the position shown in Fig. 7.1. As joint 3
was jacked toward the fixed joint 1 along active diagonal A - A (Fig. 7.2), the length of
the active diagonal was shortened, and the pyramidal unit experienced large deflections
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Fig. 7.4 M E R O Joint Used in Full-Size Pyramidal Unit

Fig. 7.5 Hydraulic Jack Connected to Test Pyramidal Unit
in three dimensions. W h e n the jack reached 5.6 k N , the test was terminated. The final
shape of the test pyramidal unit after unloading is shown in Fig. 7.6. From Fig. 7.6 it
can be seen clearly that the test pyramidal unit had significant deformations with a
relatively small compressive force. This result demonstrated that the pyramidal unit was
in a near mechanism state as predicted previously.
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Fig. 7.6

Final Shape of Post-Stressed Pyramidal Unit

7.1.2 Test Results

The test results are summarized in Fig. 7.7 in which each point plotted corresponds to an
increment of jack force of approximately 1 kN. The shortening of the active diagonal

length is equal to the horizontal displacement of the loaded joint (joint 3 in Fig. 7.2). T
elongation of the passive diagonal is measured in terms of the relative displacement of
the joint 2 and the in-plane free joint 4 in Fig. 7.2. The vertical displacement of the inplane free joint 4 in Fig. 7.2 is measured relative to its original position.
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From Fig. 7.7 it can be seen that, in the initial stage (the jack force is
the elongation of the passive diagonal is almost equal to the shortening of the active
diagonal. Also, the jack force-displacement relationship is nonlinear. After unloading,
the test pyramidal unit had some residual deformations. Because all the members were

still in the elastic range, the practical effects of small residual displacements of the join
must have occurred at joints. It was the member rotations at the joints, instead of the

member deflections, that caused the large deformations of the test pyramid. Disassembly
of the test pyramidal unit indicated that no permanent deformation had occurred in the
joint hubs or bolts.

In Fig. 7.8, the elongation of the passive diagonal and the vertical displ
in-plane free joint 4 in Fig. 7.2 are plotted against the shortening of the active diagonal

length. From Fig. 7.8 it can be seen that the relationship between them is almost linear.
This result provides the possibility of using geometrical parameters to express the
relationship between the original and deformed shapes of the test pyramidal unit.

7.2 G E O M E T R I C A L ANALYSIS O F TEST P Y R A M I D A L UNIT
The geometry of the test pyramidal unit can be expressed as Fig. 7.9, in which the
dashed lines indicate the original shape and the continuous lines indicate the deformed

shape. If the length of the members, L, and the shortening of the active diagonal length
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AA, are given, then all the other geometrical parameters in the test pyramidal unit can
expressed by these two variables.

Fig. 7.9 Geometrical Relationship of Test Pyramidal Unit

The elongation of the passive diagonal length, AB, and the vertical disp
in-plane free joint 4 in Fig. 7.9, AH, can be expressed as
(7.1)

AH = Llsin/3
_sin/5

(7.2)

AB = ^ ^ L 1 -D
sin a
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in which
a = 90° -ly

(7.3)

P = 2a (7.4)

y = arcsin(
)
'
2L1

(7.5)

D = V2L

(7.6)

and

Ll=

1T2

LAA

1AA2

-JL?+—p--AAz

^2

4l

(7.7)

4

The in-plane deformations of the test pyramidal unit, in terms of the angles between
members (Fig. 7.9), can be written as,
DA
0 = 2arcsin( )

(7.8)

(p = lS0°-e

(7.9)

in which

^ = D-AA

(?10)

From Fig. 7.9 it can be seen that all four in-plane angles have the sam
increased or decreased. The change of the in-plane angles can be written as,

Ay = -AG = 90° - d (7.11)

There are only two independent variables, L and AA, in Equations 7.1 to

the shape and the size of the test pyramidal unit is given, L is a constant (neglecting th
axial deflection) during the post-stressing process. Therefore, A A is the only
independent variable in the above equations. This4s in agreement with the number of
independent mechanisms existing in the test pyramidal unit.

In the test pyramidal unit, the length of every member is 2250 mm. Subs
experimental value of AA (the shortening of the active diagonal length) into Equations
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IA to 7.7, the relationships between AB, AH and AA of the test pyramidal unit can be
plotted as Fig. 7.10. In Fig. 7.10, the dashed lines indicate the theoretical results and the
plaintinesindicate the test results. It can be seen that the test results correspond very
well with the simple theoretical estimates based on geometrical considerations.
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The satisfactory agreement achieved between the numerical and experimental result
shown in Fig. 7.10 served to verify the accuracy of the geometrical parameters to model
the geometrical behaviour of the test pyramidal unit. Furthermore, the satisfactory
agreement confirms the conclusion of the previous studies, i.e., when there are
mechanisms existing in a structure, the relationship between the original and deformed
shapes of the post-stressed and shaped space trass can be described by the planar and
space geometrical models (Schmidt and Li 1995a).

Because the geometric analysis can give a reliable description for the deformations of the
test pyramidal unit, the angles of the test pyramidal unit are calculated with Equations
7.3 to 7.11, and are plotted in Figs. 7.11 to 7.13, in which the shortening of the active
diagonal length is non-dimensionalised with respect to the original diagonal length of the
test pyramidal unit. In Figs. 7.11 to 7.13 or Equations 7.1 to 7.11, any parameter can be
regarded as an independent variable, and the others can be regarded as dependent
variables. This means that post-tensioning the passive diagonal will have the same
results as post-stressing the active diagonal of the test pyramidal unit.
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7.3 FINITE-ELEMENT ANALYSIS OF TEST P Y R A M I D A L UNIT

The finite element method is used to simulate the stractural behaviour of the t
pyramidal unit. Because the deformed shape of the test pyramidal unit is different from
its original geometry, the shape formation process induces large deformations, and the
analysis is nonlinear geometrically. Again, the program M S C / N A S T R A N (1995) is used
in this problem.

The test pyramidal unit is analyzed with two finite element models. In model 1,
members are modelled as pin-connected rod elements. Each member is modelled with a
straight and uniform rod element. There are a total of 5 joints and 8 rod elements in
model 1. In model 2, the in-plane members (similar to the top chords in practical space
trusses) are modelled as a series of straight and uniform beam elements. The other

members (similar to the web members in the practical space trusses) are modelled as pinconnected rod elements. There are a total of 5 joints, 4 beam elements and 4 rod
elements in model 2. The joint positions of thefiniteelement models are the same as
those shown in Fig. 7.2.
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As indicated in Chapter 3, there are two methods to simulate the stractural behaviou
post-tensioned and shaped space truss during the post-tensioning process. In the finite
element analyses of the previous post-tensioned and shaped space trusses, the
shortening of the gap members is simulated with the element shortening caused by a
negative temperature change. In the finite element analyses of the test pyramidal unit, the
shortening of the active diagonal is simulated with a pre-defined displacement of the
loading joint 3 (Fig. 7.2), because this is easier to achieve and has the same results as
the previous method.

As indicated in Chapter 3, the displacement of joint 3 in Fig. 7.2 is given as a "lo
the analyses. Consistent with the m a x i m u m value of shortening of the active diagonal
during the test, the "load" is -240 m m and is divided into 2 0 steps in thefiniteelement
analyses. T h e "load" is applied incrementally to the structure, so that the stractural
behaviour during the post-stressing process of the test pyramidal unit can be simulated
continuously.

In the test pyramidal unit, the flexure of the in-plane members at the joints, the s
weight of the structure, and the friction between the sliding supports (joints) and ground
form the main resistance to the post-stressing. In thefiniteelement analyses, the friction
between the sliding supports (joints) and ground is neglected. T h e flexure of the top
chords is considered in model 2. The self-weight of the test pyramidal unit (1.86 k N ) is
considered in both models.

According to the results of the finite element analyses, the theoretical post-stress
force-displacement relationships are given in Fig. 7.14, in which the test result is also
given for comparison. T h e m a x i m u m post-stressing force is 0.3 k N in thefiniteelement
analysis with rod elements (model 1), and is 116 k N in the finite element analysis with
b e a m and rod elements (model 2). Compared with thefinalpost-stressing force of 5.6
k N in the test, the difference between theory and test is large. T h e difference between
theory and test is because the joints are semi-rigid in the test pyramidal unit. T h e
behaviour of the trass is between those of a pin-jointed structure and a framed structure.
Because the members of the test pyramidal unit underwent Uttle bending, the behaviour
of the truss is closer to that of a pin-jointed structure.

The relationships between deformations of the test pyramidal unit are shown in Figs.
7.15 and 7.16. Again, the elongation of the passive diagonal and the vertical
displacement of the in-plane free joint 4 in Fig. 7.2 are plotted against the shortening of
the active diagonal length. F r o m Figs. 7.15 and 7.16 it can be seen that the agreement
between the theoretical simulations and experimental results is good. This confirms that
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the finite element method is a reliable way to predict the deformations and space shape of

a post-stressed and shaped space trass, although it cannot give a reasonable
post-stressing force due to the semi-rigidity of the joints in practice.
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7.4 DESIGN R E C O M M E N D A T I O N S F O R DESIGN OF PRACTICAL
POST-TENSIONED A N D SHAPED SPACE TRUSSES

The post-tensioned and shaped space trasses described in this thesis are a recent
development in steel structures, and no practical space trass has been built at the present
time. Therefore, it is necessary to give some recommendations for design of such types
of practical post-tensioned and shaped space trasses, based on the results of tests and
analyses carried out in this thesis.

7.4.1 Structural System
The unique feature of the post-tensioned and shaped space trasses is the post-tensioning
erection process resulting in the shape formation at the same time. T o achieve the selferection, a mechanism condition and a geometrical capability condition (Schmidt and Ii
1995a) must be satisfied in order to allow a practical post-tensioned and shaped space
trass to be formed. Also, the principles described in this thesis, including the structural
system, the shape formation condition, and the post-tensioning method, are needed to
form a practical post-tensioned and shaped space trass.
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To achieve the self-erection, a structure must involve mechanisms or near mechanisms
in the initial state. T h e Single Chorded Space Truss (SCST) system used in this thesis is
suitable for the basic planar layout of the practical post-tensioned and shaped space
trusses. T h e practical S C S T system can be constructed using the existing stractural
systems, such as the M E R O system. T h e only adjustment needed to form an S C S T
using the existing stractural systems is the bottom joints to which the bottom chords are
connected, and the bottom chords.

7.4.2 Post-Tensioning Method
The post-tensioning method used in this thesis is achieved by tensioning strands in the
initially too-short bottom chords of a planar layout (SCST). For a given planar layout,
there are several potential post-tensioning layouts even when tensioning only the bottom
chords. T h e selection of the most convenient post-tensioning layout, both from a
practical and from a stractural point of view, is still an open question. However, the
basic requirement for the post-tensioning layout is that, with relatively small posttensioning forces, a structure involving mechanisms or near mechanisms can be
deformed into the desired space shape and erected to the space position. In most cases,
the post-tensioning method can be determined according to the desired space shape and
size of the space truss, as well as the Maxwell criterion (Calladine 1978). Also, the test
models provided in this thesis can give some suggestions for the selection of the posttensioning layout for individual structures. Finally, the feasibility of a proposed posttensioning layout needs to be investigated by a finite element analysis. The results of a
finite element analysis will indicate whether the planar layout can be deformed to the
desired space shape by the proposed post-tensioning layout, and whether large stresses
are induced during the post-tensioning process. The values of the post-tensioning forces
will also be given.

The construction procedure for a practical post-tensioned and shaped space trass can
the same as that of the experimental models. The practical post-tensioned and shaped
space truss can be assembled initially at ground level as a planar layout. In the initial
layout, the top chords and w e b members are left at their true length, and the bottom
chords are given gaps in proportion to the desired final shape. T h e bottom chords
comprise shorter tubes and strands that pass through the tubes and through the bottom
joints. Shorter chords are used to create pre-defined gaps, and the tensioned strands are
used to close the gaps. Services can be fixed to the planar layout and be lifted to the final
position. For a structure with zero-Gaussian curvature surface, purlins and roof sheeting
can be directly fixed to the planar layout at ground level so as to form a complete roof
system.
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The only resistance to deformation of an SCST is the truss self-weight, the flexura
stiffness of the top chords, the friction between the stressing cables and the joints
through which they pass, and the friction between the sliding joints and the ground or
support. A s can be seen from the full-size pyramidal unit test, the post-tensioning force
needed to deform a structure significantly is relatively small, if the structure involves
mechanisms or near-mechanisms. However, the effects of self-weight and friction are
m u c h more significant in a full-scale large-span post-tensioned and shaped space trass
than those in the small-scale test models described in this thesis. For the intermediate
erected configurations, a drop in the curvature profiles m a y occur in the central region of
a practical post-tensioned and shaped space truss. But w h e n the bottom chord gaps are
closed, a full-scale large-span post-tensioned and shaped space truss will obtain the
desired space shape, because the space shape is unique w h e n the movements of all the
existing mechanisms are controlled. The feasibility of post-tensioning a full-scale largespan structure into a space shape has been confirmed by m a n y portal frame structures
(Clarke and Hancock 1995).

7.4.3 Space Shape
The space shape of a post-tensioned and shaped space trass depends on the planar layout
and the gaps in the closing members. A s indicated in Chapter 3, a practical posttensioned and shaped space truss m a y be Space-Shape-Based (SSB) as in the
experimental models, but a Regular-Layout-Based ( R L B ) truss, in particular a uniquesize-gap R L B truss, has evident advantages in view of economy of construction. The
reduction in types of members and joints can result in a further reduction in cost of
construction.

The space shape of a post-tensioned and shaped space trass can be obtained by the f
element analysis or by geometrical analysis. The m e m b e r forces induced by posttensioning are too small to affect the overall space shape, w h e n a post-tensioned and
shaped space truss involves mechanisms or near-mechanisms. T h e accuracy of the finite
element analysis and geometrical analysis has been verified by m a n y post-tensioned and
shaped space trass models (Schmidt and Li 1995a, Dehdashti and Schmidt 1996b).

7.4.4 Ultimate Load Capacity
The prediction of the ultimate load capacity of a practical post-tensioned and shaped
space truss requires that the prestress axial forces in the members induced during the
shape formation process be k n o w n before the ultimate load analysis. In the laboratory
models studied in this thesis, the values of the prestress axial forces are obtained from
experimental results, because the axial forces cannot be quantified rationally using
conventionalfiniteelement programs due to the joints being semi-rigid in practice. In a
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practical post-tensioned and shaped space truss, the experimental prestress axial force
are unavailable. T h e only rational w a y to investigate the stractural behaviour theoretically
is to determine the practical prestress axial forces by a shape formation analysis, and
then to add these axial forces to those induced by external loads. Therefore, a finite
element program that can give a reliable prediction for the structural behaviour of posttensioned and shaped space trusses is essential for both the shape formation analysis and
the ultimate load analysis.

The post-tensioning process may increase or reduce the ultimate load capacity of the
practical post-tensioned and shaped space trasses, due to the existence of compressive
prestress forces in s o m e critical members after the shape formation. D u e to simplicity in
the construction and the erection procedure, it seems that post-tensioned and shaped
space trasses still have evident advantages in economy, even if the ultimate load capacity
is reduced. Also, the ultimate load capacity of a post-tensioned and shaped space truss
can be improved b y stiffening only a few critical members according to theoretical and
experimental results. T h e measures to improve the ultimate load capacity of practical
post-tensioned and shaped space trusses need to be investigated individually according
to thefiniteelement analysis.
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In this thesis, seven domes and one hypar have been constructed by means of a posttensioning method under laboratory conditions. All the formed space trasses have nonzero Gaussian curvatures, positive or negative. Also, a pyramidal unit of a full-size
practical space truss has been tested. After the shape formation tests, three posttensioned and shaped domes and one hypar space trass have been loaded to failure in
order to observe the ultimate load carrying capacity. Based on the results of theoretical
and experimental investigations carried out in this thesis, the following conclusions can
be drawn.

8.1 CONCLUSIONS ON SHAPE FORMATION OF POSTTENSIONED AND SHAPED SPACE TRUSSES

It is possible to shape single-chorded planar space trasses into differently shaped
trasses with non-zero Gaussian curvatures, such as spherical-like shaped domes and
hypars, by means of the post-tensioning method proposed herein. The shape formation
process is integral with the erection process, and thereby eliminates or reduces the need
for scaffolding and large cranes during the construction process. Therefore, posttensioned and shaped space trusses have evident economical advantages over
conventional space trusses.

The unique feature of the post-tensioned and shaped space trusses is the post-tensi
process resulting in the shape formation and self-erection at the same time. T o achieve
the shape formation and self-erection, a mechanism condition and a geometrical
capability condition (Schmidt and Li 1995a) must be satisfied. A structure must involve
mechanisms or near-mechanisms in the initial state, and all the no-gap members must
remain the same length (only deflection without large strain) during the shape formation
process.
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The planar layout considered in this thesis is a Single-Chorded Space Truss ( S C S T ) , a
space truss with a single layer of chords, together with out-of-plane w e b members. In a
regular planar layout, all top chords have the same length, and all w e b members have
the same, but another, length. In ordertodevelop sufficient mechanisms for the shape
formation to proceed, or to form a desired space shape, a regular planar layout m a y need
to be modified. A modified planar layout m a y be non-regular, but it still has a high
degree of regularity in the positions and sizes of its component parts.

The shape formation tests have shown that the post-tensioning forces required to shape
and erect a post-tensioned and shaped space truss are relatively small. T h e only
resistance to post-tensioning operation is the self-weight of the truss, the flexural
stiffness of the top chords, the friction between the stressing cables and the joints
through which they pass, and the friction between the sliding support joints and the
ground. Even if the planar layout is deformed to a relatively sharp shape, the axial
forces induced in the individual members of the structure are still below the yield limit of
the material because the structure involves mechanism or near-mechanism in the initial
condition.

The post-tensioning method used in this thesis is achieved by tensioning strands in th
initially too-short bottom chords of a planar layout. It is also possible to erect a d o m e
shaped structure from an initial near-flat layout, by changing the length of selected w e b
members, provided the appropriate initial configuration or geometry, and restraint
conditions of the structure (before shaping) can be determined. This m a y be regarded as
an alternative method for construction of post-tensioned and shaped domes.

For a given planar layout, there are several potential post-tensioning layouts even wh
only tensioning the bottom chords. The selection of a suitable post-tensioning layout is
based o n whether a structure involving mechanisms or near-mechanisms can be
deformed into the desired space shape and erected to the space position with relatively
small post-tensioning forces. In most cases, the post-tensioning layout can be
determined according to the desired space shape and size of the space truss, as well as
the Maxwell criterion (Calladine 1978). Also, the test models provided in this thesis can
give s o m e suggestions for the selection of the post-tensioning layout for individual
structures. Finally, the feasibility of a proposed post-tensioning layout needs to be
investigated by a finite element analysis. The results of afiniteelement analysis will
indicate whether the planar layout can be deformed to the desired space shape by the
proposed post-tensioning layout, and whether large stresses are induced during the
post-tensioning process. T h e values of the post-tensioning forces will also be given.
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The developability from a curved shape with non-zero Gaussian curvature to a planar
surface, or vice versa, is possible w h e n the discrete truss members can allow adequate
in-plane and out-of-plane movements between members to occur during the shape
formation process. For a Regular-Layout-Based ( R L B ) post-tensioned and shaped
space truss, i.e., the space shape is determined from its planar layout, the theoretical
developability from a curved shape to a planar surface is out of question. The theoretical
developability from a planar surface to a curved shape with non-zero Gaussian curvature
can be determined by the finite element analysis.

For a Space-Shape-Based (SSB) post-tensioned and shaped space trass, i.e., the plana
layout is determined from its desired space shape, the theoretical developability from a
curved shape with non-zero Gaussian curvature to a planar surface depends on the
relationship between the m e m b e r lengths and the height/span ratio. It can be determined
by the existence of a space geometric model and/or a planar geometric model. A method
for establishing geometric models by utilising an optimisation technique has been
presented in this thesis. The theoretical developability from a planar surface to a curved
shape can be determined by thefiniteelement analysis.

The practical developability of a post-tensioned and shaped space truss depends on i
m a x i m u m elastic deformation extent, which is detemiined by the characteristics of the
top chords and their joints. The shape formation test results show that the height of a
post-tensioned and shaped space truss is created by the out-of-plane flexural
deformations of the top chords, and the in-plane deformations are created by the inplane shear deformations of the members. Therefore, a suitable w a y to design a posttensioned and shaped space trass is that the space geometric model is established based
on the m a x i m u m elastic deformation extent of its top chords and/or their joints. The
m a x i m u m elastic deformation extent of the top chords and/or their joints can be obtained
by individual specimen tests of members and joints, which procedure was carried out in
this thesis.

The space shape of a post-tensioned and shaped space trass principally depends on th
planar layout and the gaps in the closing members. W h e n the top joints are stronger than
the top chords, a post-tensioned and shaped space trass behaves like a framed structure.
In such a case, the truss can obtain a unique space shape, even though not all the
mechanisms existing in the planar layout are controlled. Thefinalspace shape of such a
post-tensioned and shaped space truss depends only on the positions and values of gaps

introduced in certain defined members. T h e size and stiffness of members and joints
have little effect on the overall shape.
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W h e n the top joints are weaker than the top chords, a post-tensioned and shaped space
truss behaves like a pin-jointed truss. The necessary condition to form a desired space
shape is that the movements of all the mechanisms existing in a planar layout must be
efficiently controlled. If the mechanisms lack control or efficient control, a posttensioned and shaped space truss m a y not obtain the desired shape as predicted by finite
element analyses.

The space shape of a post-tensioned and shaped space trass can be predicted by the
finite element analysis or by geometrical analysis. This is because w h e n a posttensioned and shaped space truss involves mechanisms or near-mechanisms, the axial
forces induced by post-tensioning are too small to affect the overall space shape. The
finite element analysis can give a reliable prediction for the overall shape of posttensioned and shaped space domes, and a reasonable prediction for the overall shape of
post-tensioned and shaped space hypar. The differences between the theoretical and
experimental shapes are within 3 % for the domes, and is within 4 0 % for the hypar.

However, the convenient finite element analysis connot give close predictions for th
post-tensioning forces, axial forces and flexural stresses in members of the posttensioned and shaped space trusses. While the finite element analysis using b e a m top
chord elements m a y overestimate the flexural stresses, the finite element analysis using
pin-jointed rod top chord elements m a y underestimate them. This is because the test
models involve near-mechanisms but not ideal mechanisms, nor rigid joints. The joints
in the test models are semi-rigid.

When the movements of all the existing mechanisms in a planar layout are effectively
controlled, a post-tensioned and shaped space truss is not sensitive to the geometrical
imperfections during the shape formation process. The relatively small geometrical
imperfections in m e m b e r sizes have a neglectable effect o n the space shape. This
insensitivity to geometrical imperfections can provide an economical advantage in the
fabrication of post-tensioned and shaped space trasses, due to the lower requirement of
standards for m e m b e r tolerances than would be usual in space truss construction.

The shape formation tests have shown that the shaping a structure by the posttensioning procedure furnishes a far more economical structure than by constructing a
structure of the same shape and weight, composed of discrete members, in its final
position. Post-tensioned and shaped space trusses have advantages over conventional
space trusses in the following three respects. Firstly, because the planar layouts are
assembled at ground level from the single-layer mesh grids of top chords and pyramidal
units of w e b members, the members and connections usually possess a high degree of
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regularity, and thereby, post-tensioned and shaped space trasses simplify fabrication
processes. Secondly, as the shape formation procedure is integral with the erection
process, post-tensioned and shaped space trusses can also offer advantages of
significant savings in construction costs by eliminating or mmimising the need for
scaffolding and heavy cranes. A n d finally, as the top chords of the structure m a y be
continuous and the top joints and bottom joints may be bolted, post-tensioned and
shaped space trasses allow easier fabrication.
A practical post-tensioned and shaped space trass may be Space-Shape-Based (SSB),
i.e., the planar layout is determined from a desired space shape, but a Regular-LayoutBased ( R L B ) trass, i.e., the space shape is determined from a regular planar layout, in
particular a unique-size-gap R L B trass, has evident advantages in view of economy of
construction. The reduction in types of members and joints can result in further
reduction in cost of construction.

The test result of a full-size pyramidal unit suitable for a practical space truss
that it is possible to construct a full-size space truss by means of the post-tensioning
method proposed herein. If a practical space trass is initially in a near-mechanism state,
it can be deformed to the desired shape with relatively small compressive or tensile
forces.

8.2 CONCLUSIONS ON ULTIMATE LOAD CAPACITY OF POSTTENSIONED AND SHAPED SPACE TRUSSES

After the shape formation tests, three post-tensioned and shaped dome and one hypar
space trass have been loaded to failure. They were tested under symmetrical vertical
loads to study their ultimate load behaviours. The post-tensioned and shaped space
trusses exhibited satisfactory performance both in overall stiffness and load carrying
capacity. The experimental ultimate load capacity was 14.7 k N for the post-tensioned
and shaped hypar space truss, 50 k N for the S S B dome, 49.8 k N for the R L B dome
and 91 k N for the retrofitted dome.

The failure forms of the test post-tensioned and shaped space trusses were differen
from each other. They m a y be buckling failure of the critical members (top chords,
bottom chords, or w e b members), joint failure, support failure, and snap-through
failure, as any other types of space trusses m a y have. The failure form of the hypar
space truss was due to buckling of the active diagonal bottom chords. The failure of the
S S B d o m e was initially due to three top chord members buckling, and its overall failure
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was due to the combined tensile-shear failure of support joints. The failure of the R L B
d o m e was due to w e b m e m b e r buckling. The failure of the retrofitted d o m e was due to
the buckling failure of a w e b m e m b e r and shear failure of a top joint.

The structural responses of post-tensioned and shaped space trusses were also differe
from each other. The stractural response of the hypar space trass was of a ductile type,
due to the local snap-through of the active diagonal bottom chords. The stractural
response of the S S B d o m e seemed of a ductile type because the buckling of some top
chords did not cause a large drop in the vertical load. The structural response of the
R L B d o m e was of a ductile type due to the eccentrically connected w e b members. The
stractural response of the retrofitted d o m e was of a brittle type because the retrofitted
d o m e failed by the fracture of the top joint.

The theoretical and experimental investigations show that the significant factors tha
affect the overall stiffness and load carrying capacity of post-tensioned and shaped space
trusses include: the stractural behaviour of the critical members, the stractural behaviour
of the combined tube-cable members, the prestress forces in the truss members induced
during shape formation procedure, and geometrical imperfections. The methods to
incorporate these significant factors into the finite element analyses have been developed
in this thesis.

The ultimate load behaviours of the post-tensioned and shaped domes and hypar are
simulated using nonlinearfinite-elementanalyses. The nonlinearfiniteelement analyses
have incorporated the above significant factors. It has been shown that the test models
have not reached the theoretical predictions of the ultimate load capability, with a
difference of between 1 % and 4 2 % . The difference between experiment and theory is
principally due to joint eccentricity and joint slippage, and due to the geometric
imperfections caused by the not-completely-straightened trass members after the shape
formation.
The theoretical analyses indicate that the post-tensioning process may increase or
the ultimate load capacity of post-tensioned and shaped space trusses, due to the
existence of prestress forces in some critical members after the shape formation.
Compared with the pin-jointed element analyses, the post-tensioning operation has
caused an increase of 4 5 % in load capacity of the S S B d o m e , due to the existence of
tensile prestress forces in the critical members. The post-tensioning operation has
caused a reduction of about 2 0 % (between 1 8 % and 2 6 % ) in load capacity of the other
test models, due to the existence of compressive prestress forces in the critical members.
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Compared with the simplicity in construction and erection procedure, it seems that the
post-tensioned and shaped space trasses still have evident advantages in economy, even
if the ultimate load capacity is reduced. Furthermore, the ultimate load capacity of a
post-tensioned and shaped space trass can be improved by stiffening only a few critical
members according to the experimental results. The measures to improve the practical
post-tensioned and shaped space trusses need to be investigated individually according
to thefiniteelement analysis.

8.3 SUGGESTIONS FOR FUTURE RESEARCH ON POSTTENSIONED AND SHAPED SPACE TRUSSES
The theoretical and experimental studies carried out in this thesis have shown that it
possible to shape single-chorded planar space trusses into different space trasses with
non-zero Gaussian curvatures, such as spherical-like domes and hypars, by means of
the post-tensioning method. Although this thesis is confined to spherical-like domes and
hypars, the principles and concepts developed herein are applicable to other posttensioned and shaped space trusses, such as structures with ellipsoidal or conical
surfaces.
The selection of the most convenient post-tensioning layout and method, both from a
practical and from a structural point of view, is still an open question. In addition to the
post-tensioning the bottom chords, it is also possible to erect a d o m e shaped structure
from an initial near-flat layout, by changing the length or shape of selected w e b
members, provided the appropriate initial configuration or geometry, and restraint
conditions of the structure (before shaping) can be determined. Other post-tensioning
layouts and methods could be tried and compared with the present methods tofindout
the most convenient post-tensioning layout and method for individual structures.

The tests have shown that the joints, particularly the top chord joints, play an essent
role in shape formation of post-tensioned and shaped space trusses. The characteristics
of the top chords and/or top joints determines the m a x i m u m deformation extent of a
post-tensioned and shaped space truss. The characteristics of the top joints also affect
post-tensioning forces, axial forces, flexural stresses, andfinallythe ultimate load
capacity. Therefore, the development of the joint systems that are suitable for posttensioned and shaped space trusses becomes important.

The prediction of the ultimate load capacity of a post-tensioned and shaped space truss
requires that the structural behaviour of the truss members be k n o w n . However, after
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the post-tensioning process, the load capacities of the truss members to resist further
loads is difficult to quantify. During the shape formation stage, the trass members have
experienced flexural deformations in addition to the axial deflections. These
deformations of trass m e m b e r s remain during the loading stage and m a k e the stractural
behaviours of trass members differ from that of a straight individual member. It is
necessary to develop s o m e theoretical and experimental guidelines on the prestress
forces and flexural stresses via the shape formation process as a fraction of the m e m b e r
buckling loads.

Theoretically, the prestress axial forces and flexural stresses in trass members induc
by the post-tensioning operation can be obtained by a shape formation analysis.
However, a general purpose commercial program, such as M S C / N A S T R A N (1995), is
not always efficient to analyse post-tensioned and shaped space trasses. A special finite
element program that suits for the post-tensioned and shaped space trasses needs to be
developed. T h e near-mechanism characteristics of trusses, and the semi-rigid
characteristics of the joints needs to be taken into account in such a finite element
analysis.

In practice, the effect of the prestress axial forces and flexural stresses in trass m
induced by the post-tensioning operation can be expressed as a function of the relative
rotation angles between members and characteristics of joints. T h e function can be
established based on the test results of a series of models and individual members. Even
if not an exact function, the tests can provide upper and lower values of the effect of the
prestress axial forces and flexural stresses for each type of post-tensioned and shaped
space truss.

If the effect of the prestress axial forces and flexural stresses in truss members are
k n o w n by test or analysis, then the strength of trass members can be assessed by
reference to them. T h efiniteelement analysis that considers the effect of the prestress
axial forces and flexural stresses can give a better prediction for the stractural
behaviours of post-tensioned and shaped space trusses.

In this thesis, some measures of increasing the load carrying capacity of a posttensioned and shaped space trass are mentioned (e.g., increasing the cross-section area
of the critical m e m b e r s , or reducing the compressive force in the critical members).
Further investigation can be carried out by adjusting the post-tensioning layout to
improve the prestress force distribution, or adding more members (e.g., bottom chords)
to the models after post-tensioning to increase the statical mdetenninacy.
"
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In practical post-tensioned and shaped space trasses, their surfaces m a y be covered with
materials m a d e of Kevlar, nylon, etc. These covering materials (membranes) m a y
enhance the structural performance of the space trusses, and m a y need to be included in
the ultimate load analysis. Also, the load cases such as unsymmetrical loading, wind
and earthquake loading, need to be considered in practical structures.

An equal strength structure is the ideal state for the post-tensioned and shaped spa
trusses. In view of structure behaviour, the dimensions of the critical members in a
post-tensioned and shaped space truss need to be determined according to the external
loads, so that, the critical members will not fail prematurely during the loading process.
Furthermore, if a post-tensioning method can develop tensile prestress forces in the all
critical members, the load carrying capacity of the post-tensioned and shaped space truss
will be improved. Also, an optimisation technique can be employed to find the optimal
span/rise ratios for the range of the post-tensioned and shaped space trasses discussed
herein, and is in need of further study.

The post-tensioned and shaped space trasses described in this thesis are a recent
development in steel structures, and no practical space truss has been built at the present
time. Therefore, it is necessary to carry out some full-scale tests on such type of posttensioned and shaped space trass to investigate the stractural behaviour during the shape
formation and ultimate load stages.
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INDIVIDUAL MEMBER TESTS
A.l TESTING MACHINE

The tests of all the individual members used in the experimental models w
in an I N S T R O N testing machine. As shown in Fig. A.l, the different restraint
conditions for individual members were furnished with different supports at the upper
and lower grips of the testing machine.

Fig. A.l Eccentric Compression Test in Testing Machine
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A.2 TENSION TEST OF SHS 13 x 13 x 1.8 T U B E (520 m m )

The specimen of 13 x 13 x 1.8 SHS cold-formed tube was cut to the length of the t
chords in the hypar space trass and the S S B domes 1 to 3, i.e., 520 m m (gauge length).
The axial force-deflection relationship for the specimen obtained from the tension test is
shown in Fig. A.2. Because no clearly yield point was found in this test, the yield stress
of the specimen is defined as a proof stress for an offset strain of 0.2%. The test result is
used in the finite element analyses of the hypar space trass in Chapter 4 and the S S B
domes in Chapter 5.
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Fig. A.2 Tensile Response of SHS 13 x 13 x 1.8 Tube (520 m m )

A.3 C O M P R E S S I O N TEST OF SHS 25 x 25 x 1.8 T U B E (710 m m )
The specimen of 25 x 25 x 1.8 S H S cold-formed tube was cut to the length of the
bottom chords on the active diagonal in the hypar trass, i.e., 710 m m . The axial forcedeflection relationship for the specimen obtained from the compression test is shown in
Fig. A.3. The test result is used in the ultimate load analyses of the hypar space truss in
Chapter 4.
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1
Axial Deflection (mm)

1.5

Fig. A.3 Compressive Response of S H S 25 x 25 x 1.8 Tube (710 m m )

A.4

C O M P R E S S I O N T E S T S O F S H S 13 x 13 x 1.8 T U B E S (490 m m )

The specimens of 13 x 13 x 1.8 SHS cold-formed tube was cut to the le
chords in SSB domes 4 and 5, i.e., 490 m m (gauge length). T w o specimens were

tested: one was pin-jointed in both ends and the other wasfix-jointedin both ends. The

Fig. A.4 Buckled S H S 13 x 13 X 1.8 Tubes (490 mm)
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Displacement (mm)
Fig. A.5 Compressive Responses of S H S 13 x 13 x 1.8 Tubes (490 m m )

buckled shapes of the specimens are shown in Fig. A.4, and the axial f
relationships for the specimens obtained from the compression tests are shown in Fig.
A.5. The results are used in thefiniteelement analyses of the SSB domes in Chapter 5.

A.5 COMPRESSION TESTS OF SHS 13 x 13 x 1.8 TUBES (290 mm)

The specimens of 13 x 13 x 1.8 SHS cold-formed tubes were cut to the length of the top
chords in R L B domes, i.e., 290 m m (gauge length). Two specimens were tested: one

Fig. A.6 Buckled S H S 13 x 13 X 1.8 Tubes (490 m m )
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Fig. A.7

Compressive Responses of S H S 13 x 13 x 1.8 Tubes (290 m m )

was pin-jointed in both ends and the other was fix-jointed in both en
shapes of the specimens are shown in Fig. A.6, and the axial force-deflection
relationships for the specimens obtained from the compression tests are shown in Fig.
A.7. The test results are used in the analyses of the RLB domes in Chapter 6.

A.6 C O M P R E S S I O N T E S T S O F D O U B L E S H S 13 x 13 x 1.8 T U B E S
(290 m m )

The specimens ofl3x 13x 1.8 double SHS tubes were cut to the length o
chords in R L B domes, i.e., 290 m m (gauge length). Two specimens were tested: one

Fig. A.8 Buckled Double S H S 13 x 13 x 1.8 Tubes (290 m m )
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Fig. A.9 Compressive Responses of Double SHS 13 x 13 x 1.8 Tube
(290 m m )

was pin-jointed in both ends and the other was fix-jointed in both ends. The buc
shapes of the specimens are shown in Fig. A.8, and the axial force-deflection
relationships for the specimens obtained from the compression tests are shown in Fig.
A.9. The test results are used in the analyses of the R L B domes in Chapter 6.

A.7 COMPRESSION TESTS OF CHS 13.5 x 2.3 TUBES (452 mm)

The specimens of 13.5 x 2.3 CHS tubes were cut to the length of the web members
R L B domes, i.e., 452 m m (gauge length). Four compressive test were conducted on the
C H S w e b m e m b e r samples: thefirstC H S tube was pin-jointed in both ends, the second
one was fix-jointed in both ends, the third one wasfix-jointedin one end and pin-jointed
in the other end; and the forth one was the same as the third one except the pin-jointed
end w a s given 8 m m eccentricity (measured from actual w e b members in the
experimental model). The buckled shapes of the specimens are shown in Fig. A. 10, and
the axial force-deflection relationships for the specimens obtained from the compression
tests are shown in Fig. A.l 1. The test results are used in the analyses of the R L B domes
in Chapter 6.
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Fig. A.10 Buckled C H S 13.5 x 2.3 Tubes (452 m m )
(Left to Right: Pin-Pin, Pin-Fix, Fix-Fix, Pin-Fix with Eccentricity)
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4
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Fig. A. 11 Compressive Responses of CHS 13.5 x 2.3 Tubes (452 mm)

A.8 C O M P R E S S I O N T E S T O F S T I F F E N E D C H S 13.5 x 2.3 T U B E
(452 m m )

The compressive test was conducted on one stiffened C H S tube sample that was fix-

jointed in one end and pin-jointed in the other end. The specimen was stiffened as for t
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w e b members in the retrofitted dome, and was given 8 m m eccentricity in the pin-jointed
end, as measured from actual w e b members in the experimental model. The axial forcedeflection relationship for the specimen obtained from the compression test is shown in
Fig. A.l 1, in which the structural response o f the un-stiffened C H S w e b m e m b e r is also

plotted for comparison. The test results are used in the analyses of the retrofitted d o m e in
Chapter 6.
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Fig. A. 12 Compressive Response of Stiffened CHS 13.5 x 2.3
(452 m m )

A.9 TENSION TEST O F H I G H TENSILE STEEL C A B L E (520 m m )

All the small-scale experimental models used in this thesis were tensioned with 5 m m

high tensile steel cables. The specimen of the 5 m m high tensile steel cable was cut to a
length of 520 m m (gauge length). The axial force-deflection relationship for the

specimen obtained from the tension test is shown in Fig. A. 13. The test result is used in
the finite element analyses of all the post-tensioned and shaped space trusses in Chapters
4 to 6.
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Fig. A.13 Tensile Response of High Tensile Steel Cable (520 m m )
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INDIVIDUAL JOINT TESTS
B.l TEST METHOD FOR TOP CHORD JOINTS
The individual top chord joint tests were also performed in an I N S T R O N testing

machine. As shown in Fig. B.l, the top chord joint was supported at the four top chord
and loaded at the four web members in the testing machine. The load was applied
vertical to the plane formed by the four top chords.

Fig. B.l Top Joint Was Testing on Testing Machine

B.2 TEST OF CONTINUOUS TOP C H O R D JOINT

The continuos top chord joint was shown in Fig. B.2. It was bolted 13 x 13
S H S tubes and 13.5 x 2.3 m m C H S tubes. The continuous top chord joints were used
287
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in the hypar space truss in Chapter 4 and SSB domes 1 to 3 in Chapter 5. The test of th

continuous top chord joint was carried out as shown in Fig. B.l. The deformed shape of

the test continuous top chord joint is shown in Fig. B.3, and the structural behaviour of
the test continuous top chord joint is shown in Fig. B.4. The vertical displacement in

Fig. B.3 was the average displacement of the ends of the four web members. The failure
of the continuous top chord joint was due to the fracture of one continuous top chord at
the joint. The maximum un-yield vertical displacement of the test continuous top chord
joint was 25 m m .

Fig. B.2 Continuous Top Chord Joint

Fig. B.3 Deformed Shape of Continuous T o p Chord Joint
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Fig. B.4 Structural Behaviour of Continuous Top Chord Joint

B.3 TEST OF BLOCK TOP C H O R D JOINT

The block top chord joint was shown in Fig. B.5. The top chords were 1

mm SHS tubes and the web members were 13.5 x 2.3 mm CHS tubes. The bloc

Fig. B.5 A Top Joint in Test Hypar Space Truss
289

Appendix B Individual Joint Test

Fig. B.6 A T o p Joint in Test H y p a r Space Truss
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Fig. B.7 A T o p Joint in Test Hypar Space Truss
chord joints were used in the S S B domes 4 and 5 in Chapter 5, and the R L B domes in

Chapter 6. The test of the block top chord joint was carried out as shown in Fig. B.l.
The deformed shape of the test block top chord joint is shown in Fig. B.6, and the
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structural behaviour of the test continuous top chord joint is shown in Fig. B.7. The
vertical displacement in Fig. B.7 was the average displacement of the ends of the four
web members. With a vertical displacement of 40 m m , the block top chord joint still did
not fail, and the test was terminated.

B.4 TESTS OF BOLT IN SUPPORT JOINTS

All the vertical support joints in the experimental models used the same bo
in Fig. B.8. T w o tests were carried out on the specimens of the support bolts: one was
tensile test and the other was shear test. The specimens had the same loading and
support condition with the bolts used in the experimental models. The axial forcedeflection relationship for the specimen is shown in Fig. B.9, and the shear force-

deflection relationship for the specimen is shown in Fig. B.10. From Figs. B.9 and 10 i
can be seen that the maximum tensile load carrying capacity of the bolt was 32.78 k N ,
and the m a x i m u m shear load carrying capacity of the bolt was 5.6 kN.

Fig. B.8

Bolts in Vertical Support Joints in Test
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Fig. B.10 Shear Force-Deflection Relationship of Bolt
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